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CIPRIAN MANOLESCU 

Abstract. For each positive integer n, Khovanov and Rozansky constructed an invariant 
of links in the form of a doubly-graded cohomology theory whose Euler characteristic is 
the sl(n) link polynomial. We use Lagrangian Floer cohomology on some suitable amne 
varieties to build a similar series of link invariants, and we conjecture them to be equal 
to those of Khovanov and Rozansky after a collapse of the bigrading. Our work is a 
generalization of that of Seidel and Smith, who treated the case n = 2. 



1. Introduction 

For any n > 0, the quantum s((n) polynomial invariant Pr n \ of an oriented link kCS 3 
is uniquely determined by the skein relation: 

(1) q n P(n) ( X ) - g-»P (B) (X) = (q - q~ l )P {n) Q C) , 

together with the value on the unknot Pi n ^ (unknot) = (q n — q~ n )/(q — I -1 )- The invariant 
can also be defined in terms of the representation theory of the quantum group U q (sl(n)), 
hence the name. When n = 2 we obtain the Jones polynomial, up to a q + g -1 factor. The 
same skein relation for n = with the normalization P( ) (unknot) = 1 gives the Alexander 
polynomial, but the representation theoretic story is somewhat different in this case. The 
polynomials Pt n \ are all different specializations of a single link invariant, the two variable 
HOMFLY polynomial [El, EH- 

Khovanov and Rozansky Jl] associated to every link k a series of bigraded cohomology 
theories {&) f° r n> and showed that they are link invariants. Their theories can be 
interpreted as categorifications of P/ n \ , in the sense that 

P (n){*)= ^(-l)VdimQ^'(«). 

When n = 2, they recover the older categorification of the Jones polynomial due to Kho- 
vanov |12j . 

Khovanov- Rozansky homology is particularly interesting because it is conjectured to be 
related to the knot Floer homology of Ozsvath-Szabo and Rasmussen |29j . |32| . Knot 
Floer homology is an invariant defined used Lagrangian Floer homology, and an important 
question is to find a way to compute it algorithmically. Its graded Euler characteristic is 
the Alexander polynomial corresponding to n = above. On the other hand, Khovanov- 
Rozansky homology is algorithmically computable by definition, and the hope is to be able 
to extract the case n = from the n > theories. A precise conjecture in this direction 
was made by Dunfield, Gukov and Rasmussen in and a potentially useful triply graded 
categorification of the HOMFLY polynomial was constructed by Khovanov and Rozansky 
in the sequel [TK] . 
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In this paper we construct a sequence of link invariants ^^) symp ( K ) using Lagrangian 
Floer theory. This has been done by Seidel and Smith in the case n = 2 [HZj, and our work 
is a generalization of theirs. We conjecture that our invariants are related to Khovanov- 
Rozansky homology of the mirror link k~ in the following way: 

Conjecture 1.1. 

i+j=k 

Our construction is inspired from that of Seidel and Smith, with some differences coming 
from the fact that the standard (quantum) representation V of sl(n) is not self-dual for 
n > 2. As in [3Zj, we start by presenting the link k as the closure of an m-stranded braid 
(3 € Br m . The rough idea is to find a symplectic manifold (M, uj) with an action of the braid 
group by symplectomorphisms <f> : Bv m — > ir (Symp(M, u>)), to take a specific Lagrangian 
L C M and to consider the Floer cohomology of L and 4>(f3)L in M. Following the ideas of 
Khovanov from ^H] , we would like the Grothendieck group of the derived Fukaya category of 
M to be related to the space Inv(m, n) of invariants in the representation V® m <g> (y® m y Q f 
sl(n). The reason is that Inv(m, n) naturally occurs in the representation theoretic definition 
of the polynomial P( n )- On the other hand, the Grothendieck group of the derived Fukaya 
category is not a well-understood object in general, but it is related (and in some special 
cases equal) to the middle dimensional homology of M. In the case n = 2 for example, Seidel 
and Smith worked with a symplectic manifold whose middle dimensional Betti number is 
the m-th Catalan number, the same as the dimension of Inv(m, 2). Their construction uses 
the geometry of the adjoint quotient and nilpotent slices in the Lie algebra s((2m), and our 
manifolds M = y mnT below are a natural extension of theirs, obtained by looking at the 
Lie algebra si(mn) instead. 

We define the bipartite configuration space 

BConf m = |({Ai, . . . , A m },{/xi, . . . ,fi m }) \ \,Hj G C distinct, ^ Aj + (n-l) ^fij 







The elements in each of the two sets A = {Ai, . . . , A m } and fl = {fj,±, . . . , fj, m } are not 
ordered, but the pair r = (A, ft) is ordered. The fundamental group of BConf^ is the 
colored braid group on two colors Br m ^ m . This has a (noncanonical) subgroup isomorphic 
to Br m , which corresponds to keeping fl fixed. 

For each m,n > and r = (A, fl) E BConf^, we construct a complex afhne variety 
3^n,n,r as follows. Let N mtn be a nilpotent element in sl(mn) with n Jordan blocks of size 
m. After a change of basis, we can write 

fO I \ 
/ 



V 



where / and are the n-by-n identity and zero matrix, respectively. 

The following is a transverse slice to the adjoint orbit of N m ^ n in sl(mn) 



{ f Yi I 

Y 2 I 



<Sm,n — * 



\ 



I 

0/ 



: Yi € fll(n), trace(Yi) = 



> . 
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Consider also the diagonal matrix D T £ sl(mra) with eigenvalues Ai, . . . , A m with multi- 
plicity 1 (we call these thin eigenvalues), and fix, ■ ■ ■ , « m > each with multiplicity n — 1 (we 
call these thick eigenvalues). Let O t be the adjoint orbit of D T in s[(mn), and set 

(2) 3m,n,T — ^m,n f~l O t . 

We will show that, as r varies over BConf m , the spaces y m ,n,T form a symplectic fibration 
that admits good parallel transport maps. Moreover, for a specific r we build a Lagrangian 
L C y m ,n,T by iterating a relative vanishing CP™" 1 construction. The vanishing projective 
spaces which we introduce in this paper share many properties with the usual vanishing 
cycles in symplectic geometry, and may be of interest on their own. Indeed, Huybrechts and 
Thomas pointed out that Lagrangian projective spaces can play a role in homological 
mirror symmetry, akin to the role of Lagrangian spheres. 

The local model for the vanishing CP™" 1 construction is the space Z of n-by-n traceless 
matrices which have an eigenvalue of multiplicity at least n— 1. Let us assume n > 2. (When 
n = 2, our vanishing CP"" 1 is a usual vanishing cycle.) Consider the map x '■ Z ~^ C which 
takes a matrix to the corresponding high multiplicity eigenvalue, and denote by Zt the fiber 
over t £ C. Note that Z has a singularity at the origin. Equip (the smooth strata of) Z and 
the fibers Zt with the restriction of the standard Kahler form on the space of all n-by-n 

2 

matrices, viewed as C™ . We can then consider parallel transport in Z with respect to x> 
as long as we stay away from Zq. Taking a linear path from t £ C* to the origin, we let Lt 
be the set of points in Zt which are taken to £ Zq in the limit of parallel transport along 
that path. It is not hard to describe Lt explicitly. 

Lemma 1.2. Consider the diagonal matrix Et = diag(t, t, . . . , t, (1 — n)t) £ Zt- Then: 

L t = {UE t U~ l | U £ U(n)}. 

Thus L t is diffeomorphic to U(n)/(U(n - 1) x U(l)) = CP™" 1 . It is also easy to check 
that it is a Lagrangian subspace of Zf. This is the basic model for a vanishing projective 
space. 

In Section 0] we establish a more general version of Lemma ll.2( in which the smooth 
stratum of Z is equipped with any Kahler form satisfying certain real analyticity and 
proportionality conditions. We define Lt just as above, and show that it is a Lagrangian 
CP™ -1 in Zt- This is done by observing that Z is the GIT quotient of C 2 ™ by the linear 
C*-action with weights 1 and —1, each with multiplicity n. We can then lift the spaces Lt 
to the affine space C 2 ™, where we argue that they are vanishing cycles in a certain singular 
metric. Thus, the vanishing projective spaces are quotients of vanishing cycles by a circle 
action. 

The spaces Zt are the same as the fibers y\ >nT from ([2"|). for m = 1. Therefore, for 
m = 1 Lemma ll .21 gives a Lagrangian CP™ -1 in each 3^i, n,r- We then proceed to construct 
a Lagrangian L C y mn r inductively in m, by using a relative version of the vanishing 
CP™ _1 's. The resulting L is diffeomorphic to the product of m copies of CP n_1 . Given an 
element b £ Br m C Br m , m whose closure is a link k, we use parallel transport along the 
corresponding loop j3 in BConf^ to construct a second Lagrangian L' = hp sc (L) in the 
same y m nT- Let w be the writhe of the braid b. Our main result is: 

Theorem 1.3. Up to isomorphism of graded abelian groups, the shifted Floer cohomology 
groups 

j%>* U) = HF *+(n-l)(m+w) , L jj\ 

[71 Jsymp V / V J / 

depend only on the oriented link k. 
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The proof of the theorem involves checking invariance under the Markov moves I and II 
which relate braids with the same closure. 

We managed to compute the groups ^Y n ) symp in a few examples. For the unknot we have 
^* )symp (unknot) = H*+' l - 1 (CP n ~ 1 ), while for the unlink of p components we get the tensor 
product of p copies of the same group. The first nontrivial computation is for the trefoil, 
for which we have the following result, consistent with the formula in Proposition 6.6]. 

Proposition 1.4. When k is the left-handed trefoil, the groups ^ n ) symp are given by: 

^n) symP ( K ) = #*~ n+1 (QP n ~ 1 ) © ir- n - 1 (c/rcp n - 1 ), 

where C/TCF™ -1 is the unit tangent bundle to CP™ -1 . 

One advantage that our theory has over that of Khovanov and Rozansky is that it pro- 
duces abelian groups rather than vector spaces over Q. For example, there is a Z/nZ torsion 
group appearing in the computation of J#( n ) Byrnp of the trefoil, and that group is invisible in 

JC{ n ). 

Nevertheless, there is also an obvious shortcoming of our theory, the fact that it does 
not come with a bigrading. In the case n = 2, a bigrading for the Seidel-Smith cochain 
complex was constructed by the author in [2H] , but it is not yet clear whether it descends to 
cohomology. The bigrading was built using an open holomorphic embedding of the manifold 
y m ^2, t m t° a Hilbert scheme. It would be interesting to study whether similar embeddings 
exist for n > 2. 

It is worth noting here that there are several alternate descriptions of the spaces 3^m,n,r, 
and these could lead to further insights into our construction. (This observation was made 
by Seidel and Smith in their introduction to [HZ], for n = 2.) First, the spaces y m ,n,T can 
be viewed as quiver varieties of type A^m-x-, cf. Nakajima's Conjecture 8.6 in [25], proved 
by Maffei in [22] . Via an ADHM transform, these can also be viewed as moduli spaces of 
rank n instantons on an ALE space (cf. ^2])) or as moduli spaces of solutions to Nahm's 
equations (cf. pQ, JE]> [25]). To some extent these alternate descriptions are conjectural, 
because most of the works cited in this paragraph only deal with nilpotent orbits. However, 
we expect the respective results to generalize to our situation. 

This paper is organized as follows. In Section [2] we study the general properties of 
intersections between transverse slices and adjoint orbits. In Section [3] we apply these 
properties to study our objects of interest, the spaces y m ,n,T, as well as their degenerations. 
In Section [I] we present the construction of vanishing projective spaces. In Section [5] we 
study in detail a geometric situation that is key to the proof of Markov II invariance. In 
Section[H]we review the definition of Floer cohomology and discuss some relevant properties. 
Section[7]contains the construction of the Lagrangians L, V C y m ,n,T- We prove Theorem ll.3l 
in Section [S] by showing invariance under the two Markov moves, and then do the trefoil 
computation in Section [5] In the last section we speculate on the existence of other classes 
of link invariants: some that correspond to various other Lie algebras and representations, 
and some that we expect to arise by considering a particular involution on the spaces y m ,n,r- 
The latter invariants should form a series parametrized by integers n > 2, such that the 
n = 2 case gives the Heegaard Floer homology of the double branched cover. 

We should note that many of the arguments in this paper follow the ones given by Seidel 
and Smith in [HZ] closely, and we sometimes refer to their article for full details. However, 
there are also several aspects that are fundamentally new in our work as compared with 
the n = 2 case, and these are the ones which we choose to emphasize in our exposition. 
The first is the distinction between thin and thick eignevalues, stemming from the fact 
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that V ^= V* for the standard representation of sl(n) when n > 2. A consequence of the 
appearance of thick eigenvalues is that the orbit O r from © is no longer maximal, and 
we need a careful study of the geometry of intersections between slices and non-maximal 
orbits. One new phenomenon is that the total space consisting of all ^ miniT 's and their 
degenerations is singular for n > 2. It is in this space where the vanishing CP"" 1 construction 
is made, and as far as we know this construction is new. We deal with vanishing projective 
spaces by viewing them as the quotients of ordinary vanishing cycles by an 5 1 -action. The 
corresponding vanishing cycles appear in a singular metric though, and in order to justify 
their existence we have to resort to a real analyticity condition on the metric. Also, the 
parallel transport estimates for vanishing CF™" 1 ^ in Section [51 although similar in spirit 
to those in |37j, are somewhat more involved here. In particular, some care is needed in 
making sure that the Kahler metrics on our local models in singular spaces are equivalent 
to standard metrics. Finally, the discussion of orientations in Floer cohomology depends 
on the parity of n, because for n odd the complex projective space CP n_1 is not spin. 

Acknowledgements. I am grateful to Mikhail Khovanov, Peter Kronheimer, Duong 
Phong and Jacob Rasmussen for several valuable discussions, to Edward Bierstone, Krzysztof 
Kurdyka and Alec Mihailovs for helpful email correspondence, and to Paul Seidel and Ivan 
Smith for their interest in this work. 

2. The geometry of adjoint orbits and slices 

This section parallels Section 2 in |37j. We collect some facts about partial Grothendieck 
resolutions and their intersections with transverse slices. Our main reference is the work of 
Borho and MacPherson [2j, where partial Grothendieck resolutions are studied in detail. We 
also drew inspiration from ^Hj, [12], El- [23 an d [21! • Some of the results there were for- 
mulated only for the full Grothendieck resolution, but admit straightforward generalizations 
to the partial case. 

The discussion below can be made more general, but for the sake of concreteness we 
restrict our attention to the case of the group G = SL(N, C) and its Lie algebra = 5l(N, C). 
We also fix the standard basis for C^. We denote by f) = C^ -1 the corresponding Cartan 
subalgebra of traceless diagonal matrices, and by W = SV its Weyl group. 

2.1. Partial Grothendieck resolutions. Let tt = (tt\ , . . . , tt s ) be a partition of N = 
tt\ + • • • + tt s , with 7Ti > 7T2 > • • • > tt s > 0. We denote by m n (k) > the number of 
times k appears among the TTj, for k = 1, . . . , N. Thus ^ m n (k) = s and ^ km n (k) = N. 
Sometimes the partition tt is also written as tt = (i m ?r( 1 )2 m ' r ( 2 ) . . . N mw ^). There is a dual 

partition tt* = (n*, 7r|, . . . ) with tt* = m^{j) + 7n w (j + 1) H h m 7r (N). 

Associated to tt is a partial flag variety 

= {0 = F C Fi C • • • C F s = C N | dim(F i ) - dim(F i _i) = TTj}. 

We denote by F st G the standard flag OcC'C C 7ri+7r2 C • • • C C^. Note that for 
every flag F = (Fq, . . . ,F S ) £ there is a corresponding parabolic subalgebra p(F) C Q 
consisting of those matrices x & g preserving the flag, i.e. such that x(Fj) C Fj for all 
j. Thus we can identify ^ with the space of parabolic Lie subalgebras of q conjugate to 
p(F st ). 

The adjoint quotient map % '■ Q ~ > 9/G = fy/W takes a matrix to the set of its generalized 
eigenvalues. Note that \)jW can be identified with C^ -1 via symmetric polynomials. Set 

g* = {(x,F) I F e^,xep(F)}. 
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Consider also the subgroup W n C W given by £„ 



x S Ws C S N . This is the Weyl 



group corresponding to the Levi subalgebra of p(F st ). The partial simultaneous resolution 
of x associated to the partition ir consists of the commutative diagram: 



(3) 



WW 



Observe that for every (x, F) € Q 77 there is an induced action of x on each quotient Fj/Fj-i, 
for j = 1, . . . , s. This gives elements xf e sK F j/ F j-i)- The 

map x 71 is defined to take a 
pair (x, F) to the sets of generalized eigenvalues of xj for all j. 

The map x = f° r 11 = (^ N ) was the one originally studied by Grothendieck. In 
that case W n = 1, g = q 77 is a smooth manifold and x is a simultaneous resolution in 
the following sense: % is a submersion with the property that for each i € f),X _1 (^) is a 
resolution of singularities for x _1 (0; where i is the image of t in t)/W. Diagramatically, 



(4) 











t)/W. 



For general ir, the variety q 77 is not smooth. x n is called a partial resolution because the 
map — > factors through q 77 . However, as explained below, if we restrict q 77 — > g to a 
certain subset of g^ we do get an honest simultaneous resolution. 

2.2. Restricted partial Grothendieck resolutions. Set 

r = {(x,F) G r | xf € Zfol^/i^i)) for all j}. 

Consider the subspace \f C t)/W n made of traceless diagonal matrices of the type a = 
diag(a±, . . . , a±, ct2, ■ ■ ■ , «2> • • • , a s ), where each ctj appears exactly ttj times. For every 
(a;, F) 6 Q 77 we have xj = an 

r-9 n 



I for some ctj £ C. Therefore, there is a induced map 
h 7r . This fits into a commutative diagram 

sT ► 0" 



(5) 



We call this diagram the restricted partial simultaneous resolution associated to ir. The 
subset g 71 " C g is defined to be the image of g 77 under the map q 77 — ► g from ©, and the partial 
Weyl group W 77 is defined as W 77 = x • • • x S^nv) C S s . The vertical map x 71 " is natu- 

rally induced from the adjoint quotient map x- Note that i) 77 = C s_1 , while \f /W 77 is natu- 
rally the quotient by C of a product of symmetric spaces Sym m,r ^ 1 ^(C) x • • • x Sym m " r ^ Ar ^(C). 
(This quotient can also be identified with C s_1 , using symmetric polynomials.) 

Example 2.1. For ir = (N — 1,1), the space q 77 consists of traceless N-by-N matrices 
having an eigenspace of dimension at least N — 1. (This is the space Z mentioned in the 
introduction.) The map x n takes a matrix to the corresponding high multiplicity eigenvalue 
in \f /W 77 9* C. 

In general, it is easy to see that q 77 is a closed subvariety of g. Also, the adjoint action 
Ad of G on g induces actions of G on all the spaces in ©, and all the maps there are 
G-equi variant. It follows that q 77 is a union of adjoint orbits in g. 
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The proof of the following proposition is analogous to that of Lemma 4 in |37j : 

Proposition 2.2. The diagram |3J) is a simultaneous resolution o/x^, and the map x n * s 

naturally a differentiable fiber bundle. 

In fact, we can exhibit an explicit trivialization of the fiber bundle x* . Every flag F £ F n 
is of the form u(F)F st , where u(F) € U(N) is unique up to right translation by an element 
in U w = U(tti) x • • • x U(ir s ). The map 

(6) (X w ) -1 (0) xff^r , (x,F,a) ^(x + Ad(u(F))a,F) 

is a trivialization for x n - Note that this trivialization is not natural, because it depends on 
our chosen basis for C^. 

Now consider the open subset f) 7r ' rog c f)^ where u\, . . . , a s are pairwise distinct. Its image 
Conf^ = fy n > ICS /W n is called the ix-colored configuration space. The superscript stands 
for traceless. If we don't impose the condition X^ 7r i a i = 0' we a l ar g er but homotopy 
equivalent configuration space Conf^. 

Definition 2.3. The ir-colored braid group is the fundamental group Br n = TTi(Conf^). 

Observe that the (l^-colored braid group is the usual braid group on N strands BrN, 
while at the other extreme the (iV)-colored braid group is the pure braid group PBr^. 
(In the literature PBrw is sometimes called the colored braid group.) In general, Br 77 
is intermediate between these two cases, in the sense that the natural map PBr s — > Br s 
factors through Br T , in correspondence to a factoring of covering spaces. 

Let Q n ' ias be the preimage of t) 7r ' rcg /]^/ 7r under the map x n - For x € 7r ' rGg , the choice of a 
partial flag F with (x, F) £ Q n is unique once we fix an ordering of the ay's with the same 
ttj . A quick consequence of this is the following: 

Proposition 2.4. The points x G Q n > IC & are regular for the maps > an d the restriction of 
to Q n ' ICS is naturally a differentiable fiber bundle over Conf^. 

Since g w is typically singular, we should clarify some terminology. In Proposition 12.41 and 
everywhere below, a point x S Q n is called regular for the map x T if Q n is smooth at x, and 
the differential (dx n ) x is onto; x is called critical otherwise. (The same goes for points on 
any singular variety mapped to a smooth one.) 

2.3. Reorderings of a partition. By a reordering tt t of the partition ir = (iri, . . . , tt s ) we 
simply mean the ordered s-tuple (tt t ^, . . . , tt t ^) for some permutation r of {1, 2, ... , s}. 
Given such a reordering, we can define partial flags of type tt t so that the differences in 
consecutive dimensions are tt t (i) , ■ ■ ■ , 7r r (s) in that order. We can then define g 7rT , q Kt , f) 7IV 
and W 7Tt as in the previous subsection, an adjoint quotient map x Wt an d an analogue of 
the diagram (J5J). Note that there are isomorphisms t) 77 = (from reordering the diagonal 
elements) and W* = W Kr . We denote by i T the induced isomorphism rj 71 /W n — > t) nT /W nT . 
The following result will prove useful: 

Lemma 2.5. The subvariety g 7I " T C Q is independent of r, and in particular identical to q 77 . 
The map x^ T '■ 8* T ~> ^ Kt /W' Kt equals the composite l t o x^ ■ 

Proof. We first deal with the case when 7r = (a, b) with a > b, a + b = N and r is 
the transposition, so that ir T = (b,a). An element x is in q w if it fixes some subspace 
V = F\ C of dimension a, and x acts on V diagonally by a ■ I and on C N /V diagonally 
by P ■ I, for some a, (3 G C. We seek to show that x is in g 7rT by constructing a subspace 
W C of dimension b such that x acts by (3 ■ I on W and by a ■ I on C N /W. If a ^ (3, we 
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simply take W to be the /3-eigenspace of x. If a = (5, then [x — al) acts trivially on both 
V and C N /V and therefore is determined by an induced map C N /V -> V. In this case wc 
can choose W to be any 6-dimensional subspace of V containing the image of (x — al). 

Conversely, if we know that X G g 7rr , then there exists a 6-dimensional subspace W C 
as in the previous paragraph, and we want to construct V. If a ^ f3, we take V to be the 
a-eigenspace of x. If a = (3, then x is determined by a map C N /W — ► W induced by 
(x — al), and we can take V to be any a-dimensional subspace of the kernel of {x — al), 
containing W. 

The case of a general reordering follows from this by induction, using the fact that every 
permutation tt is a product of transpositions. □ 

2.4. Slices at semisimple elements. Let x be an element of g. We denote its stabilizer 
subgroup by G x and the corresponding Lie subalgebra by q x = {y G \[x, y] = 0}. A local 
transverse slice to the adjoint orbit 0(x) = Gx of x is a local complex submanifold S C Q 
such that x G S and the tangent spaces at x of O(x) and S are complementary. Note that 

T x O(x) = ad(g)x = {[y,x] \ y G g}. 

Let x be semisimple. The dimensions of the eigenspaces of x form a partition a = 
(o"i, . . . , (Ti) of N. The Lie algebra splits into a direct sum of its center Z{q x ) and a 
reduced part g^, od = [g^g^], which is a product of factors Q x d [i] isomorphic to sl(<7j,C). 
There is an adjoint quotient map for gJ, od , denoted by 

(7) : Q x d - Q x d /G x = t> x d /W- d . 

Here rj^ od C f) corresponds to block diagonal matrices such that each block has trace zero, 

and W x cd = Wa- 
ll sing transverse slices, it can be shown that a fibered version of x" x d gives a a local 

model for the adjoint quotient map x near the orbit 0(x). We sketch this here (following 

|37l Section 2(B)]), and then explain how to get a local model for the restricted map x n 

near O(x) when that orbit lies in g 71 " . 

A canonical transverse slice for x is S ss = x + g x . This has the property that, given any 

other slice S, there is a canonical local isomorphism between S and S ss obtained as follows. 

We take a neighborhood V of zero inside ad(Q)x. Then exp(V) C G is tranverse to G x and 

we can use the composition 

(8) S^q exp(V) x S» projecti ° n ) S". 
The slice S ss is G^-invariant, and therefore the map 

(9) Gx Gx S ss ^q, (g,y)^Ad(g)y 

is a local isomorphism between neighborhoods of G/G x x {x} and 0(x). Using the fact 
that G x acts trivially on the first summand in the splitting g x = Z(q x ) g^ ed , we obtain a 
commutative diagram 

Z( 9x ) x (Gx G jf) ► g 

(10) 

Z(q x ) x i)x d /W™ d > t)/W. 

The top — > is (JHJ), and the bottom one is the induced local isomorphism on quotients, 
in both cases identifying S ss with q x = Z(q x ) x g|j.? d by translation. The vertical map on 
the left is identity times the quotient map, which means that x looks locally like a fibered 
version of (0. 
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Let us go back to the restricted partial resolution (jSJ) and assume that x € 0^. Since x 
is semisimple, it must be conjugate to a matrix diag{a\, . . . ,ai, ct2, • • • , «2> • • • , «s) 6 fy w ■ 
(Note that this diagonal matrix is not typically unique, because of the symmetry.) The 
set of indices {1,2, ... ,s} has a decomposition into a disjoint union A% II ■ ■ ■ II A[ such that 
Oj = ak if and only if j and k are in the same A{. The sizes Oi of the sets Ai form the 
partition {<j\, . . . , 07) of N that was described for any semisimple element. Since x £ , we 
can be more specific and say that the partition ir of N "breaks" in the following sense: 

Definition 2.6. Let ir = (tt±, . . . , tt s ) and a = {a\, . . . , 07) be two partitions of the same 
positive integer N. A breaking b = (b[l],b[2], . . . ,b[l]) of it according to cr consists of parti- 
tions b[i] of each 07 such that their concatenation is a reordering of the partition tt. The set 
of breakings of ir according to a is denoted Si^o- 

In our situation, tt breaks into b = (b[l], b[2], . . . , b[l]), where b[i] is composed of all the 
7Tj's with j £ Ai. By varying the diagonal matrix in f) 71 " conjugate to x, all the breakings in 
S3 -no can occur. 

Example 2.7. If tt = (2,1,1) and a = (2,2), then there are two possible breakings of tt 
according to a : (b[l\ = (2), b[2] = (1, 1)) and (b[l] = (1, 1), b[2] = (2)). More informally, 
we say that the latter breaking, for example, consists of the first 2 in a = (2, 2) being broken 
as 1 + 1 and the second 2 being broken trivially. 

Example 2.8. Form,n > 1, there is a unique breaking b of tt = (l m (n— l) m ) according to 
a = (l m ~ 1 (n — l) m_1 n), namely n breaks as (n — 1) + 1 and all the 1 's and (n — 1) 's break 
trivially. 

Example 2.9. For m, n > 1, there are exactly m breakings of tt = (l m+n_1 (n — l)™" 1 ) 
according to a = (l m_1 (?i — l) m_1 n) : either the n summand breaks as 1 + • • • + 1 and the 
rest break trivially, or the n summand breaks as (n — 1) + 1, one of the (n — l)'s breaks as 
a sum of 1 's and the rest break trivially. 

Example 2.10. For m > 2 and n > 3, there is a unique breaking of tt = (l m (n — l) m ) 
according to a = (l m_2 2(n — l) m ), namely 2 breaks as 1 + 1 and the rest trivially. 

Example 2.11. For m > 2 and n > 1, there is again a unique breaking ofix = (l m (n — l) m ) 
according to a = (l m_2 (n — l) m_1 (n + 1)), namely (n + 1) = (n — 1) + 1 + 1 and the rest 
trivial. 

With respect to transverse slices at x £ q w , the first observation which needs to be made 
is that the local isomorphism Q moves points only inside their adjoint orbits, and therefore 
induces a canonical local isomorphism 

(11) s n g w ^ s ss n q t . 

Second, the same reasoning applies to the map @, giving a local isomorphism 

(12) Gx Gx (S ss n 9 7r )^9 n - 

The left hand side of @ can be made more explicit as follows. Recall that S ss = x + q x 
and g x decomposes as Z(g x ) x f\i 0™ d [*]) with Q x d [i] = s((<7j, C). We have a restricted partial 
simultaneous resolution associated to each factor fl|j, cd [i] and the corresponding partition b[i] 
in a breaking of tt according to a. The role of x w m the left half of the diagram © is played 
by maps 

for each i. 
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Lemma 2.12. Translation y — > (y — x) induces an identification of S ss n g w with 



red^-|6[i]_ 



be?. 



' TIT 



Proof. First observe that an element in q x preserves each eigenspace Ei of x. The direct 
sum of all Ei is C N , the sizes of Ei form the partition a, and g!j od [i] is the Lie alegbra of 
traceless endomorphisms of E{. 

Now choose some y such that y — x is in Z(q x ) x T\ i g x d [i] b ^ for some b € ^na- We have 
that y is in q x , and y acts on each Ei by a central element plus something in 0™ d [i] 6 ^ This 
means that we can find partial flags of type b[i] made of subspaces of Ei that are preserved 
by y and such that y acts diagonally on consecutive quotients. Putting these flags together 
(by taking direct sums) we form a partial flag made of subsets of C N . Its type is a reordering 
of the partition ir. Lemma 12 . 51 implies that y must be in g*'. 

Conversely, take some y € (x + q x ) D g 71 ", sufficiently close to x. Since y is in g 71 " it must 
preserve a partial flag F of type n and act diagonally on the consecutive quotients. We also 
know that y preserves each Ei, and therefore the intersections of F with each Ei are also 
preserved, with diagonal actions on consecutive quotients. The resulting partial flags are of 
type b[i], for some breaking of tt according to a. We get that the traceless part of y\E { is in 
fl «d[ t -]&M for all i. □ 

Using the result of Lemma 12.121 we get a restricted version of IjlOjl : 
3(8.) x (G x Gx U^dli^W* 1 )) > fl* 

(13) 

The map going vertically on the left is identity times a quotient map (coming from the 
product of all x & ^' s ); an d the horizontal arrows are local isomorphisms. It follows that 
locally near 0{x) C g 77 , the map x n looks like a fibered version of the union of products of 
the x 6 ^' s ) taken over all b G S^^a- 

2.5. Invariant slices at nilpotent elements. Now let x 6 g be nilpotent. One way to 
construct transverse slices at x with nice global properties is using the Jacobson-Morozov 
lemma, which claims the existence of a triple (n + = x,n~, h) of elements of g such that 

(14) [h,n + ]=2n + , [h,n~] = -2n~, [n + ,n"]=/i. 

This gives a representation of sl(2,C) into g, which in turn produces a splitting g = 
Im ad{n + ) © Ker ad{n~). It follows that: 

Lemma 2.13. The affine subspace <S JM = n + + Ker ad(n~) is a local transverse slice at x. 
Furthermore, we have a linear C*-action on g 

(15) A r : C* -» Aut(g), r <E C* : y -f r 2 Ad(r h )y. 

This restricts to an action on the Jacobson-Morozov slice 5 JM , and has the property that 
it contracts S m to as r — > 0. Using this action we can show that the behavior of 5 JM 
globally is determined by the behavior near x. In particular, S 3M intersects all adjoint orbits 
transversely. 

In jS7j, Seidel and Smith use a more general notion: 
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Definition 2.14. Given a triple (n + ,n~,h) satisying {1$ , a X-invariant slice is an affine 
subspace S C Q invariant under q and such that it represents a local transverse slice at 
n + = x. 

In fact, A-invariant slices share many properties with Jacobson-Morozov slices: 

Proposition 2.15 (Lemma ll(i) and Lemma 14 in |37| ) . (i) A X-invariant slice S has 
transverse intersections with all adjoint orbits, (ii) For X-invariant S and Jacobson-Morozov 
slice <S JM (possibly coming from a different choice of a triple with n + = x), there exists a 
(noncanonical) C* -equivariant isomorphism S = S 3M , which moves points only in their 
adjoint orbits. 

Now assume that x £ g 71 ". Because the diagram (J5J) is G-equivariant, it behaves well under 
intersecting with a A-invariant transverse slice <S. More precisely, we have: 

Proposition 2.16. (i) The isomorphism in Provosition \2.15\ (ii) maps SCiq* into iS JM ng 7r . 
(ii) A point o/5ng f is a critical point of x^ iff it is a critical point ofx w \s- (Hi) Let S be 
the preimage of S in g. Then 

Sn^r ► SnQ n 

(16) x 



if 



* tj*/w" 

f) 71 " is naturally a differ entiable fiber bundle. 



is a simultaneous resolution, (iv) : SC\Q n 

Point (i) is a direct implication of Proposition 12.151 and the fact that Q n is a union of 
adjoint orbits. The proofs of the other assertions use the properties of A, and are completely 
analogous to those in |.371 Lemma 11 and Section 3(D)]. 

Putting propositions 12.41 and I2.16f ii'l together we get that the points of S n Q w ' TCg are 
regular for the restriction of x n to S. In fact, we also have: 

Proposition 2.17. The restriction of x w to S H g 71 "' 1 ' 08 is naturally a differ entiable fiber 
bundle over Conf^. 

2.6. An example. Consider the following nilpotent in sl(n + 1, C) : 



n 



V 

We complete it to a Jacobson-Morozov triple with: 

/ \ / 1 

1 





\ 



77 



V 



, h 



V 



The associated slice S JM consists of all matrices of the form 



(17) 



/ 


a 


1 


• 





\ 




an 


a 


a\2 ■ 


O-ln 






a-ix 





022 • 


0-2n 




V 


O-nl 





On2 ' 


0"nn 


J 
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with a, dij £ C such that 2a + 022 + ■ ■ ■ + a nn = 0. 

Consider the partition tt = (n — 1, 1, 1) of n + 1. Then g T C g = sl(n + 1, C) consists of 
the traceless matrices which admit an (n — l)-dimensional eigenspace. For future reference, 
we will denote by SC n the intersection <S JM n g^ in this case, and by q the restriction of x" 
to 5™. More precisely 

(18) q : 3£ n -»• f,M)/ W (n,D Sym 2 (C), 

where the identification with Sym 2 (C) comes form taking the diagonal matrix diag(zi, Z2, £3, 
■ ■ ■ , Z3) € t) w to the pair {z\,z-i). (Note that Z3 = —{z\ + Z2)j{n — 1).) Of course, we can 
also further identify Sym 2 (C) with C 2 by taking (z\, zq) to {z\ + z%, z\z-i). 

Remark 2.18. More canonically, we define a linear quadruple T = (iq, Ti, T2, /) to be the 
data consisting of complex vector spaces iq,Ti,T2 of dimensions 1, n — 1, 1, respectively, and 
a linear isomorphism f : T2 — > iq. To every linear quadruple we can associate an (n + 1)- 
dimensional complex vector space E = Fi © T2 © T\ and a flag F of type 1 + (n — 1) + 1 
given by 

(19) OcFiC^Cfi, F 2 = F 1 @T 1 . 

The isomorphism f produces a nilpotent n + = x E sl(E) with F\ = Im (n + ), F2 = 
Ker (n + ), while its inverse / _1 gives rise to a nilpotent n~ € sl(E) with T2 = Im (n~), T2® 
T\ = Ker (n~). We can complete this to a Jacobson-Morozov triple by setting h = [n + ,n~]. 
It follows that to T we can naturally associate a space ££~(T) isomorphic to 3C n . There is 
still a natural map q : ££{T) — > Sym 2 (C). 

2.7. More on nilpotents. The adjoint orbits of nilpotents in q are classified by the parti- 
tions of N. Given the partition tt, the parabolic subalgebra p(F st ) decomposes into a Levi 
part and a nilpotent part. The nilpotent part has a unique dense orbit 0(x n ), where 
the nilpotent element be taken to be the Jordan matrix with Jordan cells whose 
sizes give the dual partition tt* . For example, when n = (N), the corresponding parabolic 
subalgebra is all of q, the nilpotent x/jv) has iV Jordan blocks of size one, and (x(jv)) = {0}. 
At the other extreme, when tt = (l N ), the corresponding parabolic subalgebra consists of 
the upper triangular matrices, the nilpotent XnN\ is just one Jordan block of size N, and 
0(x(iN}) is the so-called regular nilpotent orbit. In general, a nilpotent in 0{x. K ) is called 
of type tt. 

There is a well-known partial ordering on partitions of N. Consider two partitions tt = 
(•7Ti, 7T2, . . . ) and p = (pi, p2, ■ ■ ■ ), with tt\ > -K2 > ■ ■ ■ and pi > P2 > . . . as before, both 
adding up to N. We write tt =4 P if 7Q + " ■ ■ + TTj < pi + • — h pj for all j > 1 . The following 
lemma is elementary: 

Lemma 2.19. The closure of 0(x JT ) in q consists of the union of all orbits 0(x p ) with 
tt =4 p. These are exactly the nilpotent orbits that appear in . 

2.8. Slices at general points. A general element x G q has a unique decomposition 
x = x s A- x n into a semisimple and a nilpotent part. Just as in Section |2~H q Xs decomposes 
into the direct sum of Z(g Xg ) and g T °^ = (BiQ T ^[i], and each is composed of the traceless 
endomorphisms of an eigenspace E{ of x s . The sizes of these eigenspaces form a partition a 
of N. The nilpotent part x n always lies in gljff; denote by x n [i] its piece in 0^° s d [i]. We choose 
Jacobson-Morozov slices t S JM ' red [z] at x n [i] in g!j. c s d [i], and let l S JM ' rod be their direct sum. 

In (S3 Section 2(D)] it is proved that x s + (Z(g Xg ) x 5 JM > red ) is a transverse slice at x in 
g. Using this, it follows that locally near x, the adjoint map x looks like a linear projection 
times the product of the restriction of the adjoint map of g!j, cd to t 5 JM,rcd . This local model 
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enables one to describe explicitly which points of g are regular for the map x '■ namely, the 
ones for which x n is a regular nilpotent in 0™ d . 

When x € Q n , by Lemma 12.121 we have that the nilpotents x n [i] are in Q^ d [i] b W for some 
breaking b € SS va . We can restrict the local model to q w along the lines of Section T2.41 with 
the following result: 

Lemma 2.20. A point x = x s + x n € q w is regular for the map if an d on ^y if there exists 
a breaking b = (b[l], . . . ,b[l]) of ir according to a, such that x n [i] € Q^[i] is a nilpotent of 
type b[i]. 

Furthermore, note that a fiber of the map x n '■ Q T ~ > § n /W T is uniquely determined 
by the semisimple orbit 0(x s ) that it contains, corresponding to some partition a. Using 
Lemma l2.19( we get that: 

Lemma 2.21. The fiber of x n containing 0(x s ) is composed of the orbits of x s + x n , where 
x n is a nilpotent decomposing into x n [i] £ Qx^[i] for some breaking b = (b[l], . . . , b[l]) € 
and with the types p[i] of x n [i] satisfying b[i] =^ p[i]. 

2.9. The topology of the fibers. Our main objects of interest are the fibers of the bundle 
map X n \sng n ' ie s from Proposition 12.171 By Proposition 12.16] they are homeomorphic to an 
arbitrary fiber of the restriction of x n to 5 (1 g 71 . We pick the nilpotent fiber 

(20) ^=(x n \sn^y\°)- 

Here we assumed that the nilpotent x where we took the slice S = S p was in the orbit 
of x p , for some partition p with ir p. Observe that by Proposition 12. 15T n) . the topology 
is independent of which invariant slice we choose. 

Using Lemma 12.191 we see that there is a natural map 

n:^^5 ? nO(4 (x,F)^x. 

Using the C*-action A, it can be shown that J\f pn deformation retracts into its "compact 
core" 

n~ 1 (x) = {F G ^ | x fixes F and acts trivially on all quotients Fj/Fj-i}. 

n~ 1 (a;) is called the Spaltenstein variety and appeared first in [1U]. It is a projective 
variety of half the dimension of N pn . 

Example 2.22. When tt = (l N ), H~ 1 (x) is the Springer variety of complete flags fixed by 
a given nilpotent element. 

Example 2.23. When p = (N), we have x = and ll _1 (x) is the partial flag variety J^" 71 ". 
In this case M pn can be identified with the cotangent bundle T*^" 71- . 

In general, the real dimension d p7r of the Spaltenstein variety IT" 1 (re) is given by the 
formula 

(21) <v = E^-E4 

In [21 Sections 3.4 and 3.5], Borho and MacPherson studied the rational cohomology of a 
general Spaltenstein variety. For example, they found that the number of d p7r -dimensional 
irreducible components of II -1 (x) (which is the middle dimensional Betti number of Afpn) 
is equal to the Kostka number K pn which counts semistandard Young tableaux of shape p 
and weight ir. For more information on the combinatorics of Kostka numbers and their rele- 
vance to representation theory, we refer to [21] • A different viewpoint on these cohomology 
computations is in [2"fi] . 
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3. The relevant affine variety and its degenerations 

From now on we specialize the discussion in the previous section to the case of interest to 
us, by setting vr = (l m (n- l) m ) and p = (n m ), with N = nm. Note that W w = S m x S m for 
n > 2. The case n = 2 is slightly different, because W w = S^m- Since that case was treated 
by Seidel and Smith in [37], we shall restrict our attention to n > 2. (The case n = 1 is 
trivial, and the resulting link invariant is 7L for any link.) 

3.1. Motivation. Let us briefly explain why our choice of tt = (l m (n — l) m ) and p = (n m ) 
is natural if we aim at constructing an analogue of Khovanov-Rozansky homology. As 
mentioned in the introduction, the Euler characteristic of Khovanov-Rozansky homology is 
the link polynomial P( n )- Let V be the standard representation of sl(n, C). The polynomial 
Pr n ) can be defined as follows: we present the link as the closure of a braid b on m strands, 
associate to b a map Fb(q) : V® m — > V® m depending on a quantum parameter q, and then 
take its trace. This is equivalent to looking at the image of 1 under a map 

(22) £ y®m g (y®my F b (g)xid^ ^ lyQmy _^ £ ^ 

The composite factors through the space of invariants 

Inv(m,n) = Hom 6[(niC) (C, V® m (y® m )*)- 

The dimension of Inv(m, n) is equal to d(m, n) = the number of permutations of m 
elements with longest increasing subsequence of length < n. (A table of the values of d(m, n) 
can be found in [27J.) According to Khovanov's principles for categorification JH]) we should 
look for a triangulated category whose Grothendieck group has dimension d(m, n) or, more 
geometrically, for an exact symplectic manifold whose middle dimensional Betti number is 
d(m,n). As explained at the end of Section 12.91 the middle dimensional Betti numbers of 
the smooth fibers of x n are the Kostka numbers. By the Schensted correspondence |35) . 
d(m,n) is the same as the Kostka number ^(„'») ) (i'»( fl -i)'»), which explains our choice for 
7r and p. 



3.2. A few properties. From the orbit of x p we choose the following nilpotent element, 
written as a m x m matrix made of n x n blocks: 



/o / 

/ 



V 



0/ 



Here I and are the n-by-n identity and zero matrix, respectively. 

We complete this to a Jacobson-Morozov triple (N + = N mtTl , N~ , H) with 



/ (m - 1)/ 



(m - 3)1 



\ 



H 



(m — 5)1 



-m 
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(m-l)J 





2(m - 2)1 

3(m - 3)/ 



y (m - 1)1 / 

written in the same form. The induced C* action on g = sl(mn) is: 



(23) 



r 2 Y u 
hi 



r 4 y,- 



n 2 

22 



r 2y 



V r 

Consider the affine space 

( f Yn I 



2my 
1 ml 



' 1 r 



m,m—l 



J-2mv 

- 1 lm 



Y m —l,m 

r 2 Y 

1 ± mm. 



(24) 



Y 21 J 



5ml £ for m > 1 , iii € -s[(") 



t V y ml 

Lemma 3.1. 5 mj „ is a X-invariant slice to the adjoint orbit of N m>n in sl{rnn). 

Proof. The adjoint orbit of N m ^ n has (complex) dimension (mn) 2 — mn 2 , and S m ^ n has 
complementary dimension mn 2 — 1. Also, A-invariance is clear from (|23|) . Therefore the 
only thing to show is that S m>n intersects the tangent space to the adjoint orbit trivially. 
Let N + + X be an element in their intersection. Then all but the first n columns of X are 
nonzero, and X is of the form [A^ + ,Z] for some Z E g. A quick calculation shows that Z 
must be upper triangular in our block form, which implies that X = [N + , Z] = 0. □ 

We are interested the simultaneous resolution with S = S m ^ n and tt = ir(m, n) = 
(l m (ra — l) m ), and in particular in understanding the fibers of 

X n \s :5n " — ► r/W\ 

We denote a typical element of \f /W w by r = (A, jl). Here A = (Ai, . . . , A m ) and fx = 
(/ii, . . . , fj, m ) are unordered m-tuples of elements of C, with repetitions allowed and such that 

Aj + (n — 1) Yl = 0- Strictly speaking, the element in \f /W w associated to r is the class 
of the diagonal matrix D T € sl(mn) with eigenvalues Ai, . . . , A m with multiplicity 1 (called 
thin eigenvalues), and fj,±,. . . ,{J, m , each with multiplicity n — 1 (called thick eigenvalues). 
The fiber y m ,n,r = (x 7r |5) _1 ( r ) is then the intersection of the adjoint orbit O t of D T with 
our chosen slice: 

y m ,n,r = (^S^rV) = 5 m ,„ n O r . 

Inside of \f /W* we have the bipartite configuration space Conf^ = BConf® m mentioned 
in the introduction, which corresponds to all the A, and fj,j being distinct. According to 
Proposition 12. 171 the fibers y m ,n,T are smooth for r € BConf® m . 

The following two lemmas are generalizations of lemmas 18 and 19 in |37j : 

Lemma 3.2. For any Y G S m , n and /i G C, projection to the first n coordinates produces 
an injective map Ker (ill — Y) — > C™. 
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Proof. Suppose the contrary is true, so that Ker (fj,I — Y) has nonzero intersection with 
{0} n x c( m_1 ) n . Using the C*-action, one sees that the same holds for Ker (r 2 /xl — X r (Y)). 
In the limit r->0we obtain a nonzero element in Ker (A r+ ) n ({0} n x cC™-- 1 )"-^ which is 
a contradiction. □ 

Lemma 3.3. Let r = (A,//) G t) n /W n be such that A = (Ai = 0, A2, . . . , A m ), /2 = (fi\ = 
0, fM2, ■ ■ ■ , A*m)- Denote by f = ((A 2 , . . . , A m ), (^2, • • • ,fJ-m))- Then the subspace ofY G y m ,n,T 
such that Ker (Y) is n- dimensional can be canonically identified with y m -\,n,f- 

Proof. From the previous lemma we know that a vector in keriY) is uniquely determined 
by its first n entries. There are n linearly independent such vectors if and only if Y m i = 0. 
The subspace of <S m ,n with Y m \ = can be identified with S m -\^ n in a straightforward way. 
If Y G y m ~i >n ,f C S m -i tn , then Y must fix a partial flag F G JF^ 1 ™ (™~ 1 ) m ) an d act 
diagonally (by the components of f) on the successive quotients. The corresponding matrix 
Y G S m ,n with Y m \ — fixes the partial flag F obtained from F by taking direct sum with 
an arbitrary flag of type (l,n — 1) in C n x {0}( m_1 ) n C Ker (Y). Using Lemma f2.51 we 
get that Y is in y m ,n,T- Conversely, starting with F fixed by Y G y m ,n.T we can construct 
a F G J^"^ 1 '™ 2 ( n ~ 1 ) m 2 ) fixed by Y by intersecting everything with the subspace {0} n x 

C (m-l)n c C n_ Q 



3.3. The case m = 1. When m = 1, the slice 5i jn is the whole sl(n, C). The subvariety 
sl(n, C)^™ -1 -*) consists of traceless matrices having an eigenspace of dimension at least 
n — 1, cf. Example 12.11 The spaces 3^1 nr are the fibers of the map 

(25) X {1{n ~ 1)] ■ sl{n, C) (1(n - 1}) -» C, 

which takes a matrix into its eigenvalue of multiplicity > n — 1. This map will play an im- 
portant role in our paper, being part of the local model for constructing vanishing projective 
spaces in Section 0] 

3.4. A thick and a thin eigenvalue coincide. As mentioned in Section 13.21 the fiber 
ym.n,T is smooth when Aj and fij are all distinct. In this subsection we study the structure 
and form of the singularities in a fiber y m ,n,T, where the Aj and \ij that appear in r satisfy 
Ai = Hi = A, but are otherwise distinct. 

Lemma 12 . 2 1 1 tells us the structure of the fiber of x w '■ Q w ~^ /W w over r. The partition 
a associated to a semisimple element in that fiber is a = (l m_1 (n — l) m_1 n). There is a 
unique breaking b of tt = (l m (n — l) m ) according to a, cf. Example l2.8l It follows that there 
are two adjoint orbits in the fiber (x 7r ) _1 ( r ) : a regular orbit O ics consisting of matrices 
with a Jordan block of size two and n — 2 blocks of size one for the eigenvalue A, and a 
subregular orbit O sub of matrices having n independent A-eigenvectors. The orbit O reg is 
open and dense in (x 7r ) _1 ( r )) while O euh is closed. By Lemma 12.201 the points of O rcg are 
regular for \^ > an d then from Proposition 12. lbT ii) the points of O rcg n S m , n are regular for 
the restriction of x w to the slice <S mjn . 

Remark 3.4. When t is as above, we denote by C mi n tT = (D suh n S m ^ n the singular set of 
ym,n,T- This is a regular fiber of the restriction of x a to S m>n , with a = (l m ~ 1 (n — l) m_1 ?7,). 
The union of allC m ^ n)T is C m ^ n = S m ^ n ng <J ' reg . By Proposition ^ . 17[ we have a differentiable 
fiber bundle: 

(26) C m , n yw/w* = c O nf a . 
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The structure of the map X^\s mn near the singular stratum O sub D 5 m ,n is described by 
the lemma below, which basically states that the local model is a trivially fibered version 
of the m = 1 case, in other words of the map (|25|). 

Lemma 3.5. Let D C t) n /W 71 be a disk corresponding to A = (A — (n — l)z, A2, • • • , A m ) 
and (2 = (A + z, fj,2, ■ ■ ■ , fJ>m) with z € C small. Then there is a neighborhood of O sub D S m ,n 
inside (x w )~ 1 (D) n<S m>n , and an isomorphism of that with a neighborhood o/(O rab n5 mi „) x 
{0} inside (O sub D «S m ,n) x st(n, C)^ 1 ^- 1 )). (Here € sl(n,C) is the zero matrix.) The 
isomorphism fits into a commutative diagram: 

, „ s 1/„n „ local = near Buh DS m n , _„ . „ \ „, _. i\\ 
{ X 7T )~ 1 {D)r\S m ,n ^ (O sub fl S m ,n) X Sl(n, C)^ ^ ^ 

x (i("-i)) 

D ► C 

Proof. Let us first look at a neighborhood BUb inside (x 7r )~ 1 (-D), without restricting to 
Smn- From Section [2.41 we know that looks locally like a fibered version of the product 
of X _ j n — 1 copies of X^ n ; an d n — 1 copies of x 1 see CSJ- Since x^ n ~^ an d 
■yp-) correspond to trivial partitions, they are all just the identity map for a point. Thus we 
know that x^ looks like a fibered version of ^( 1 ( n_1 )) near O sub . 

We need to show that when we restrict to S m>n , this fibered structure is preserved and, 
moreover, that the normal data along O sub DS mtn is trivial. At every point Y € sub n<S mjn , 
we choose a subspace Ry C TyS mjn which is complementary to Ty (0 BUb nS mtn ) and depends 
holomorphically on Y. This is possible because O sub PiS mtn is affine, and therefore the relevant 
Ext 1 obstruction group is zero. The spaces (Y + i?y)ng 7r form a local tubular neighborhood 
of O sub r\S m)n inside $*C\S m n . On the other hand, we also have the canonical slice S ss = Sif 
to O sub , and a canonical local isomorphism 1)11(1 between (Y + Ry) n g 77 and Sy D Q 77 , which 
only moves points inside their adjoint orbits. Hence the restriction of x n to Sy H 0"^ serves 
as a local model for x n \s m , n near O sub n S m ^ n . 

It remains to check triviality of the normal data. By Lemma [2.121 the intersection SyC^Q 77 
can be identified via translation with 



Z(g Y ) x S l(£ y (A)) (1(n - 1)} x HsliEyiXi))^ x H^Ey^))^ 



1) 



Here by Ey(a) we denoted the eigenspace of Y with eigenvalue a. Note that each of the 
sl(£y(Ai))W and sl(E Y (^i)) {n ~ lj is just a point, while Z(g Y ) can be identified with C 2m ~ 2 
in a canonical way. Finally, by Lemma 13.21 we have a preferred isomorphism of Ey(X) with 
C n , and thus of sl(E Y (A))W n_1 » with st(n, C)^^ -1 ^. This completes the proof of triviality 
for the normal data. It is easy to see that all the isomorphisms which we used depended 
holomorphically on Y. □ 

Remark 3.6. Consider the partition ir + = (l m+n_1 (n — l) m_1 ). Since ir + =<! n, we have 
that 

( x n y 1 (D)nS m ^ n c g^n5 m , n c Q n+ ns m<n . 

We can proceed as in the proof of Lemma \3.5\ and study the structure of g n+ n S m ^ n near 
(O sub n5 min ). There are now several breakings of tr + according to a = (l m-1 (n — l) m ~ 1 n), 
cf. Example \2.(A One of them is b + given by n = 1 H — • + 1, (n — 1), • • • , (n — 1), 1, • ■ • ,1. 
Lemma \2.12\ savs that a neighborhood of {O sub PiS m ^ n ) in g 77 n<S mjn has several components. 
We denote the one corresponding to b + by (g 7r+ n S m n ) +. It is isomorphic to (0 sub n 
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S m ,n) x sl(n, C). (The normal data is trivial just as in Lemma Iff. 51 ) Furthermore, this 
local isomorphism is compatible with the one in Lemma \S. 51 in the sense that there is a 
commutative diagram 

0" n s m ,„ {o^ n s m>n ) x S [(n, qW"- 1 )) 

(0" + n s m , n ) b+ (O^ n s m>n ) x S [(n, C), 

where the vertical maps are inclusions. 

We can generalize Lemma 13.51 to the case when several pairs of one thick and one thin 
eigenvalue come together. Let r = (X, fl) be a point in I) 77 ' /W w such that Ai = /ii,A2 = 
(j,2, ■ ■ ■ , X k = pL k , and these are the only coincidences. There are 2 k orbits in the fiber of 
corresponding to which of the k relevant Jordan blocks are semisimple. The smallest orbit 
Qmm w j iere a n £ blocks are semisimple is closed in (x w ) ~ 1 ( T )- An adaptation of the 
arguments in the proof of Lemma 13.51 gives : 

Lemma 3.7. Let P C \f jW 1 * be a polydisk corresponding to X = (A — (n — l)z\, . . . , X k — 
(n - l)z k , Afc+i, . . . , X m ) and fl = (A + zi, . . . , X k + z k ,/j, k +i, ■ ■ ■ , Mm) with the z k 's small. 
Then there is a neighborhood ofO mm r\S mjn inside (x 7r ) _1 (-P) H<S mjn , and an isomorphism 

of that with a neighborhood of (O min nS m>n ) x {0} k inside (O min n5 m , n ) x (sl(n,C) il{n ~ 1]) ) k ■ 
The isomorphism fits into a commutative diagram: 



3.5. Two thin eigenvalues coincide. Although not necessary for the rest of the paper, it 
is instructive to consider the case when r = (A, fl) has Ai = A2 = A, and all the other Aj's and 
/x,'s are distinct from each other and from A. Let us assume that n > 3. The corresponding 
partition a is now (l m_2 2(n — l) m ), and there is again a unique breaking of tt according to 
a, cf. Example l2.101 We get two orbits O ics and O sub in the fiber, just as in Section|23J The 
orbit O suh is closed, and the local model around it is the map x^ 1 ^ : s ^(2, C) — > C, which 
is basically the Ai -singularity C 3 — > C, (a, b, c) — ► a 2 + b 2 + c 2 . The same arguments as in 
the proof of Lemma 13.51 show that the local model for x n \s m „ near O suh n 5 mjn is a fibered 
version of the A\ -singularity. However, note that we do not have a canonical identification 
of the A-eigenspace with C 2 , and so we cannot claim the triviality of the normal data. 

3.6. One thick and two thin eigenvalues coincide. A slightly more involved situation 
is when r = (A, (2) has Ai = A2 = /Ji = A, and these are the only coincidences. The partition 
a is (l m_2 (n — l) m ~ 1 (n+l)), and there is still a unique breaking of tt according to a, namely 
(n + 1) = (n — 1) + 1 + 1 and the rest trivial, cf. Example 12.111 By Lemma 12.211 the fiber 
(x 7r )~ 1 (r) consists of three orbits: O ics made of matrices with a Jordan block of size 3 and 
n — 2 blocks of size 1 for the eigenvalue A; a subregular orbit O sub with a Jordan block of size 
2 and n — 1 blocks of size 1 for A; and a minimal semisimple orbit with n + 1 independent 
A-eigenvectors. However, according to Lemma 13. 2| the minimal orbit does not intersect 
<S m , n . Thus y m ,n,T is only made of two strata: an open and dense part O reg fl <S min , and a 
closed part O su * n5 m , B . 
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The discussion from Section 12.81 can be applied here to find a local model for the map 
X n near O anb . One can show that the same model is valid for the restriction of x* to S m ^ n , 
along the lines of the proof of Lemma 13.51 and then study the normal data in the fibers 
(which turns out to be nontrivial). To be precise, for every Y G O sub n S mn , we denote by 
Ey the kernel of (XI - Y) 2 , by F 1>Y the image of Ey under the map XI — Y, and by F2 y the 
kernel of XI — Y. We let S, J^i, be the complex vector bundles over O anh n S m ^ n whose 
fibers over Y are E Y , Fi ; y, F2 > y, respectively. Since Y is affine, we can choose complements 
T\y of F\ y in F2 Y and Tiy of Fzy in Ey that depend holomorphically on Y. The map 
XI — Y induces a linear isomorphism from T2 i y to F\ y- This gives a linear quadruple Ty 
in the sense of Remark 12.181 Since the data Ty depends holomorphically on Y, we call 
the whole thing a holomorphic quadruple bundle over O suh n S m ^ n , and denote it by S? . 
Using Remark 12.181 we have an associated space &(Ty) for each Y; the corresponding 
fiber bundle over O suh n <S m , n is denoted 3>(3T). The fibers of X are isomorphic to the 
space 2£ n which appears in (|18|). There is also a map q : %(2f} — > Sym 2 (C) which is given 
by Q18JI in each fiber. 

Lemma 3.8. Consider the bidisk P C f) 7r /W 7r corresponding to X = (X + z±, X + Z2, ■ ■ ■ , X m ) 
and (2 = (A + £3, H2, • • • , fJ-m) z\, Z2, £3 € C small, z\ + Z2 + (n — 1)23 = 0. 

neighborhood 0/ sub n <S m , n inside (x 7r )" 1 ( p ) n Sm n: o,nd an isomorphism 
of that with a neighborhood of the zero- section inside 3£ The isomorphism fits into a 
commutative diagram: 

?=(?1,92) 

^ ► Sym 2 (C). 



In short, this says that the map x^\s mn looks locally near O sub D 5 m ,n like a fibered 
version of the map (|18|). The possible nontriviality of the normal data is encoded in the 
structure of the fiber bundle 3^(S~). In particular, the bundles & and J^i can be nontrivial. 
On the other hand, note that by Lemma l3.2( the bundle J^2 is always trivial. 

There is also an analogue of B.emark 13.61 

Remark 3.9. One breaking of tt + = (l m+n_1 (n — l)™" 1 ) according to a = (l m ~ 2 (n — 
l)m-l( n + 1)) is (]+ given fty ( n + 1) = 1 + • • • + 1, (n - 1), • • • , (n - 1), 1, • • • , 1. Take a 
neighborhood of Buh fl S m , n in g 7r+ n S myn as in Lemma \2.VA Denote by (q w+ n <S m ,n)/3+ 
the part corresponding to (3 + . Then there is a commutative diagram made of inclusions and 
local isomorphisms: 



4. Parallel transport and various vanishing objects 

4.1. Parallel transport. In this section we review the definition of rescaled parallel trans- 
port in a Stein fibration, following Seidel and Smith |37| Section 4(A)]. 

Let p : Y — ► T be a holomorphic map between complex manifolds, which is also a 
submersion with fibers Yj. Let 7 : [0, 1] — > T be a path on the base. The parallel transport 
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vector field H 7 on the pullback j*Y — > [0, 1] consists of the sections of TY\Y^^ which 
project to j'(s) and are orthogonal to the vertical tangent bundle T(Y 7 ( S )). Thus, 

(27) ^ = ww^ s) - 

In some cases, for example if p is proper or if we have suitable estimates on i? 7 , integrat- 
ing yields a symplectic isomorphism /i 7 : K^q) — > ^y(i)j called (naive) parallel transport. 
In general, however, the lack of compactness means that integral lines may not exist every- 
where, so that /i 7 is only defined on compact subsets P C ^(o) f° r a short time e > which 
depends on P. 

To fix this problem, we use reseated parallel transport. Assume that there exists a function 
t/j : Y — > M with the following properties: 

(28) • ip is proper and bounded below. 

(29) • —dd c i)j > 0, so that f2 = —dd c i)j is a Kahler form on Y. 

(30) • Outside a compact set of Y, we have ||V^|| < pip for some p > 0; 

(31) • The fiberwise critical set {y € Y : dip\ Kcr ( Dp ^ = 0} maps properly to T. 

The Liouville vector field Zt = V(V>|y t ) on If is well-defined for all times because of 
condition (|3()j) . Given the path 7, condition (|31j) implies that there exists c > such that 
the critical values of ip on the fibers Y^^ all lie in [0, c). Using this and (|28|) we can find 
o" > such that the integral lines of H~ l = ff 7 — <t^ 7 ( s ) stay inside ^ _1 ([0, c]). Integrating 
the flow Hry and then composing with the time a map of the Liouville flow on Yy(i) yields 
a symplectic embedding 

■Y l{Q) f\^ 1 {[Q,c\) — r 7(1) . 

This is called rescaled parallel transport. It depends on a only up to isotopy in the class 
of symplectic embeddings. Replacing c by a larger value yields a map defined on a bigger 
set, whose restriction to the smaller set is isotopic to the original one. As a consequence, 
the image h™ sc (L) is well-defined (up to Lagrangian isotopy) for any compact Lagrangian 
submanifold L C Yy(o) • 

4.2. Vanishing cycles for singular metrics. Let f2 be an arbitrary Kahler form on 
Y = C n , and denote by g the corresponding Kahler metric. Consider the projection 

p : C n -> C, p(zi, ... ,z n ) = zf-\ h 4, 

and equip the fibers with the induced metrics and forms. 

The real part re(p) is a Morse function with a critical point at the origin. The stable 
manifold W is defined as the set of points y € C™ such that the flow line of — Vre(p) starting 
at y exists for all times s > 0, and converges to zero as s — > 00. 

Since O is Kahler, the negative gradient flow of re(p) is the same as the Hamiltonian vector 
field of the imaginary part im(p). This preserves im(p), hence W lies in the preimage of 
BL>o- The intersection Ct of W with a fiber Yj = p~ 1 (t) for t > is called a vanishing cycle. 
It is well-known that for t small Ct is a smooth manifold and, in fact, is diffeomorphic 
to S"™" 1 . (See for example.) An alternate definition is as follows. Consider the path 
7 : [0, 1] — > C, -y(s) = (1 — s)t. Since — Vre(p) is proportional to the naive parallel transport 
i^ 7 , we have 

(32) Ct = {y £ Y t I ^ 7 |[o,s] is defined near y for s < 1, and ^ 7 |[o, s ](y) — > as s — > 1}. 
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Because the gradient flow preserves f2, by taking the limit s^lwe find that O vanishes 
on TCt- In other words, Ct C Yf is Lagrangian. 

We need a generalization of this construction in the case when the Kahler form is 
degenerate at the origin. In that situation the gradient flow — Vre(p) can take a nonzero 
point into zero in finite time. However, we can still define a vanishing cycle C% using parallel 
transport maps. 

Proposition 4.1. Let £1 be a smooth two-form on C n that is real analytic in a neighborhood 
of zero and Kahler on C n — {0}. For t > 0, define Ct by h'jty) . Then, for t > sufficiently 
small, Ct is a Lagrangian (n — l)-sphere in Yt. 

(It is conceivable that the real analyticity consition is unnecessary. However, our proof 
is fundamentally different from the one in the nondegenerate case, and makes essential use 
of real analyticity.) 

Proof of Proposition BTT1 For t 6 ]R, we will denote by Yi+jR the preimage of t under the 
map re(p) : Y — > M. This is the union of Yj_|_j r for all r € M. Note that Yj + jR is diffeomorphic 
to S" 1 " 1 x R n for all t / 0. 

Consider the projection from C n to its imaginary part 

proj im : C n -> R n , proj im (zi, ...,z n ) = (im(«i), . . . ,im{z n )). 

Denote by l the inclusion of Y^r into C n . Take the preimage V = (proj im o c Y;r 

of a ball B n = B n {e) C W 1 centered at the origin. Given a point y 6 V — {0} with p(y) = it, 
we can consider the translate j T of 7 by path in C. Reverse parallel transport along 

the corresponding j T can be applied to all points in V — {0} for at least some small time 
t > 0. (Up to a reparametrization of time, this is equivalent to going along the forward 
gradient flow of re(p).) The image of this reverse transport, together with the vanishing 
cycle C = Ct, forms an open set U C Yt+iR. We can define h : U — ► V by setting h{y) = 
for y € C, and h(y) = h lT {y) for y £ V — C, with r being the imaginary part of p(y). 

If our parameters e and r were sufficiently small, the whole parallel transport of U along 
the 7 T 's happens in the neighborhood where O is real analytic. The solution of an ODE 
with real analytic coefficients and initial data is a real analytic function by the Cauchy- 
Kovalevsky theorem. Therefore the map t o h : U — > C n is real analytic, and so must 
be 

/ = pro j im o h : U -> B n . 

The restriction of h to U — C is a diffeomorphism onto V — {0}. It follows that /:[/—> -B n 
is an S' n_1 -fibration over B n — {0}, outside of the vanishing cycle C. We aim to show that 
C = / _1 (0) is also an (n — l)-sphere. 

Note that C is an analytic subvariety of the real analytic manifold Yj + jR = S n ~ l x R n . 
Let us recall a few facts about real analytic varieties, cf. |17l Section 6.3], Every ana- 
lytic variety A admits a Whitney stratification and, in particular, it has a top-dimensional 
stratum of dimension d = dim A. Every point y £ A admits a Zariski tangent space T y A, 
and (assuming A is connected) we have dim(T y A) > dim A for all y, with equality if and 
only if y is a regular point, i.e. part of the top-dimensional stratum. 

In our case, since parallel transport preserves it follows that Q must vanish on T y C 
for all y € C, cf. the remark following ()32j) . Since C C Yj and the restriction of O to the 
complex submanifold Yt C Y is nondegenerate, this implies that d\m{T y C) < n — 1 for all 
y 6 C. In particular, the dimension of C is at most n — 1. 

On the other hand, each fiber f~ 1 (x) for represents a generator of H n -i(S n ~ 1 xR"). 

Hence / _1 (x) must intersect each {z}xK n C S 11 " 1 xK" nontrivially. Taking the limit x — > 0, 
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we find that the projection of / _1 (0) = C C S n ~ l x W 1 to the S n ~ l factor is surjective as 
well. As a consequence, C must have dimension exactly n — 1. 

For n > 1, we also claim that C is connected. If it were disconnected, then a small 
neighborhood f~ 1 (B n (e')) for e' < e would also be disconnected, and the same would hold 
for its boundary f~ 1 (S n ~ 1 (e')). However, this boundary is diffeomorphic to S™" 1 x S 1 "" -1 , 
and we arrive at a contradiction. 

Since C is a connected analytic variety of dimension n — 1 and dim(T y C) < n — 1 at any 
y € C, we deduce that all of its points are regular. In other words, C is an (n— l)-dimensional 
real analytic manifold. As we already noted, O vanishes on its tangent space. 

To show that C is a sphere, we interpolate between = and a form f^ 1 ) that is 
nondegenerate over all of C n . For example, if N is the null space of Q at the origin and N 1 - 
is its orthogonal complement in the standard Hermitian metric, we can choose f^ 1 ) to be 
constant over all of C n (with respect to the standard holomorphic coordinates), identical 
to 0, on (at the origin), and nondegenerate on N. Then, all the forms in the family 
— (i _ r)r^°) + rf^ 1 ), r 6 (0, 1], are real analytic and Kahler in a neighborhood of 
zero. For t sufficiently small, we can thus relate the vanishing cycles C = cf^ to C^ by a 
smooth family of manifolds. Note that f^ 1 ) is nondegenerate, hence we already know that 
is a sphere. Since all the manifolds in a smooth family are diffeomorphic, we conclude 
that C is also a sphere. 

For n = 1, a similar argument shows that C is a disjoint union of exactly two points. □ 

Remark 4.2. By multiplying p with some scalar in S l , we can define vanishing cycles 
Ct C It for all sufficiently small t € C*. 

This discussion can be generalized to relative vanishing cycles. Take any complex mani- 
fold X and consider the projection 

p:F = IxC->C, p(x, zi, . . . ,z n ) = z\ + • • • + 4- 

Equip y with any Kahler form f2, possibly degenerate on X x {0} n . The function re(p) 
is now Morse-Bott, and its critical point set can be identified with X. Let K C X be a 
compact Lagrangian submanifold. For i G C*, the relative vanishing cycle Ct associated 
to K is defined as the set of points y € Yf = p~ 1 (t) which are taken into K by parallel 
transport along the path 7 : [0, 1] — ► C, j(s) = (1 — s)t, as s — > 1. The same arguments as 
in the proof of Proposition 14. II show: 

Proposition 4.3. Assume that is real analytic in a neighborhood of X. Then for suffi- 
ciently small t S C*, Ct is a Lagrangian submanifold ofYt diffeomorphic to K x S 12-1 . 

The case when Q is nondegenerate appears in |37l Lemma 26]. 

4.3. Vanishing projective spaces. We now describe a construction similar to that of 
vanishing cycles, but where instead of a sphere we obtain a complex projective space CP* 1 " 1 . 
Our main interest lies in a fibered version of this (treated in the next section). However, we 
decided to present the simpler situation first in order to make clear all the ideas involved. 

The construction takes place in the space Z = sl(n, C)^™- 1 )) from SectionESl for n > 2. 
Recall that 

Z = {A £ sl(n, C) I there exists t € C with dim Ker (A - tl) > n - 1}, 

and the map ^( 1 ( n_1 )) takes a matrix A to the corresponding t £ C. 
The following alternate description is also helpful: 
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Lemma 4.4. Consider the linear action of C* on C 2n with weights 1 and — 1, each with 
multiplicty n. Then the space Z is the GIT quotient of C 2n by this action. 

Proof. Write C 2n as the space of pairs (v, w), with v, w G C n , and the C* action given by 

(33) (tf.uO-CCu.C 1 ™) 

for £ € C*. All orbits corresponding to v,w ^ are stable. There is one semistable orbit 
given by v = w = 0, and two unstable orbits corresponding to only one of v and w being 
zero. 

We define an algebraic map 

/ : C 2n -> Z, /(«, w) = v T u> - -(v ■ w)I. 

n 

This is C*-invariant and therefore factors through the GIT quotient C 2n /C*. It is easy 
to see that the induced map C 2n /C* — > Z is bijective. □ 

Note that Z has an isolated singularity at the origin, and the map ^-( 1 ( n " 1 )) is a submersion 
everywhere except over zero. Given a Kahler metric f2 on Z — {0}, we can study parallel 
transport with respect to ^( 1 ( n_1 )). For t G C*, we take the path 7 : [0,1] — ► C, 7(5) = 
(1 — s)t as in the previous section, and define 

(34) L t = {y G Z t I /i 7 |[o,s] is defined near y for all s < 1, ^ 7 |[o, s ](y) as s -> 1}. 
Before discussing the general case, let us work with a specific example. Take O = £l s t to 

2 2 

be the restriction of the standard form on C n under the inclusion Z gl(n, C) = C n . For 
each t G C*, consider the diagonal matrix £j = diag(t, t, . . . ,t, (1 — n)t) G Z^, and let 

(35) U t = {UE t U~ l I U G C/(n)}. 

Note that U t is diffeomorphic to U(n)/(U(n - 1) x J7(l)) ^ CP n_1 . 
Lemma 4.5. T/te vanishing space Lt C Zj /or Q s t contains Uf 

Proof. We claim that parallel transport along 7|[0, s] takes UEtU" 1 into UE^i^^U^ 1 
for s < 1 and any U G U(n). From this it will follow that in the limit s — > 1, the space Ut 
is indeed sent to the origin. 

It suffices to verify our claim infinitesimally, i.e. to show that the parallel transport vector 
field at UEfU" 1 is proportional to \JE\U~ 1 . Since the Kahler metric is [/(n)-invariant, it 
also suffices to check this at U = I. There the statement is that E\ is perpendicular to the 
tangent space to Zt at Et. The tangent space TE t Z± consists of the commutators [Et, B] for 
B G fl[(n,C). A simple computation shows that [Et, B] is always perpendicular to E\ in 
C n \ □ 

We now turn our attention to a more general class of Kahler metrics: 

Definition 4.6. Let i be the standard inclusion of Z = sl(n,C)^ n ~ 1 ^ insl(n, C). A Kahler 
form £1 on Z — {0} is called effective if it is of the form i*u, where to is a Kahler form on 
sl(n, C) that is real analytic in a neighborhood of zero. 

Lemma 4.7. Let £1 be an effective Kahler form on Z — {0}, and Q s t the standard form 
from Lemma Then the corresponding Kahler metrics g and g s t are equivalent in the 
following sense: given a relatively compact open set V C Z, there exists a constant c > 
such that c _1 • g s t < g < c • g s t on V — {0}. 
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Proof. This is a direct consequence of the fact that both metrics are obtained by pull-back 
from the nonsingular space s[(n, C). □ 

Lemma 4.8. Let £1 be an effective Kdhler form on Z — {0}, and define Lt as in {3$ - Then 
for any sufficiently small t £ C*, Lt is a smooth manifold diffeomorphic to CP n . 

Proof. Let f : Y = C 2n — > Z be the GIT quotient map from Lemma 14.41 Observe 
that is nondegenerate on the union of all stable C*-orbits, except in the directions of 
those orbits. Consider the Hamiltonian H : C 2n — > R, H(v,w) = \v\ 2 — \w\ 2 associated to 
the action of S 1 C C*. The restriction of the map \H\ 2 : C 2n — > C to any nonzero (stable 
or unstable) C*-orbit is strictly plurisubharmonic. Let gu be the symmetric two-tensor 
associated to — dd c \H\ 2 by the complex structure. An explicit calculation shows that for 
any neighborhood N of zero in C n , we can find some small e > such that f*g s t + ^9h > 
on N — {0}. Lemma 14. 71 implies that the same must be true for f*g instead of f*g s t (with 
possibly a different e.) It follows that 

Cl = f*U - edd c \H\ 2 

is Kahler on N — {0}. 

We can now apply Proposition 14 . 1 1 to our situation; see also Bemark 14,21 (The fact that 
Cl is not Kahler everywhere on C 2n does not make a difference.) In place of p : C 2n -tCwe 
take the map (v,w) — > (v ■ w)/n which is the composition of / with ^( 1 ( n_1 )). This is the 
same as the map p from Section T4.21 up to a linear change of coordinates. 

We obtain vanishing cycles Ct C Yt diffeomorphic to S 2n ~ l , for any t € C* small. Note 
that Cl is S^-equi variant, hence the same is true for parallel transport in Y = C 2n . If we 
think of Z as the quotient H~ 1 (0)/S 1 , then parallel transport along 7 in (Y, Cl) corresponds 
to parallel transport in (Z,Q,). The vanishing cycle Ct is preserved by the S 1 action, and 
its quotient is Lt- Since the action is free outside zero, we find that Lt must be a smooth, 
connected (2n — 2)-dimensional manifold. 

In particular, in the case when £1 is the standard Q s t used in Lemma 14.51 we find that 
U t = CP n_1 is the whole of Lt. To see that Lt is diffeomorphic to CP n_1 for a general 
Q, interpolate between f2 and £l s t by a family of effective forms, and use the fact that all 
manifolds in a smooth family are diffeomorphic. □ 

We call Lt a vanishing projective space ins((n, C)^ 1 ^ -1 ^. As seen in the proof of Lemma l4.8l 
Lt is the quotient of an ordinary vanishing cycle S 2n ~ l by an S 1 action. It is also a La- 
grangian submanifold of Zf. 

4.4. Relative vanishing projective spaces. Let X be a smooth complex manifold. With 
an eye towards Lemma 13.51 we look at the product Z = X x sl(n, C)^ 1 ^'™ -1 ^. A similar 
discussion to that in the previous section applies here, using Proposition 14.31 Let us identify 
X with X x {0}. Consider the map 

tt-.Z^C, ( x ,A)^ x {1{n - 1]) (A), 

and denote by Zt its fibers. Let i be the standard inclusion of Z into Xxsl(n, C). By analogy 
with Definition IP1 we say that a Kahler form Q on Z - X = X x (sl(n,C) {l{n ~ l)) ~ {0}) 
is effective if it is obtained by pull-back from a form on X x sl(n, C) that is real analytic 
around X x {0}. 

For the remaining of this section we will assume that Z — X is endowed with an effec- 
tive Kahler form Q. Given a compact Lagrangian K C X, we obtain a relative vanishing 
projective space Lt in Zt (for small t), diffeomorphic to K x CP n_1 . 
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We denote by g be the Kahler metric corresponding to f2, and by g s t the product of an 
arbitrary metric on X with the pull-back of standard metric on sl(n,C). The analogue of 
Lemma 14.71 holds true, so that g and g s t are equivalent on the complement of X in any 
relatively compact subset of Z. 

Fix a relatively compact open set W C X and a ball B in sl(n, C)^ 1 ^™^ 1 ^ around the origin 
(in the standard pulled-back metric, say). We assume that the form Q, is real analytic on 
V = W x B C Z. We are interested in estimating the parallel transport maps in V obtained 
from the map tt and the form f2. 

Lemma 4.9. The quantity ||V7r|| is bounded below on V — X. 

Proof. Since g and g s t are equivalent, it suffices to establish the result when the gra- 
dient is taken with respect to g s t- In that case it turns out that ||V7r|| is bounded below 
globally. Indeed, recall from @ that every matrix A £ sl(n, C)^^ -1 ^ is of the form 
S + tU E\U~ l , where 5 is a matrix of rank at most one, U is unitary, E\ is the diagonal 
matrix diag(l, ...,1,1 — n), and t € C. At a point (x, A) G Z we have ir(x, A) = t. Fix a 
representation of A as 5 + tU E\U~ 1 , and consider the one-dimensional complex subspace 
{x} x {S + tUE\U~ 1 I r € C} C Z. The gradient of the restriction of ir to this subspace is 
UEiU' 1 . This always has norm (n 2 — n) 1 / 2 , because the metric is £/(ra)-invariant. It follows 
that the actual gradient of tt on Z (with respect to g s t) has norm at least (n 2 - n) 1 / 2 . □ 

Now let K C U C X be a compact Lagrangian submanifold, and denote by 5 > its 
distance from dV in the metric g. Let also v be the lower bound on ||V7r|| in V which is 
given by the previous lemma. 

Lemma 4.10. For any t with < \t\ < v5/2, the relative vanishing cycle L t is well-defined 
and lies in V. 

Proof. Without loss of generality we can assume that t is real and positive. Think in 
terms of parallel transport along 7(5) = s. By the previous lemma, the the horizontal vector 
field H 1 = V7r/||V7r|| 2 satisfies 

(36) ||# 7 || < v' 1 . 

Say we are given a flow line of defined for s € (0, t) and converging to a point in K as 
s — > 0. Then by integrating (|3*o]l we obtain that the whole flow line lies at distance at most 
v~ 1 t < 5/2 from K, hence it extends to s = t. The desired claim follows. □ 

Consider now the circle 7 : [0, 2tt] — > C*, 7t(s) = t exp{is). A similar argument to that 
in the proof of Lemma 14.101 shows that for < \t\ < i>5/2, parallel transport h^ t (y) is 
well-defined and lies in V for any y € Lt. Furthermore, we have 

Lemma 4.11. The relative vanishing cycle Lt is Lagrangian isotopic to h^ t {Lt) inside 

vnz t . 

Proof. By our estimates, the vanishing cycle L T is well-defined for any r = 7t(s), and it 
is moved by parallel transport along 7t | [s,2tt] without going outside V. The required isotopy 
is given by /i 7t | [Si27r] (L r ). □ 

4.5. Iterating the relative CP" -1 construction. Now we deal with the situation relevant 
for Lemma rm Take Z = X x (sl(n, C)^^" 1 ^)^, with the map 

tt : Z - C fc , vr(x, A 1 ,...,A k ) = (x^-V^Ax), X (1(n - 1)} (A k )) , 
and an effective Kahler form (defined just like in the previous section). 
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Starting with a compact Lagrangian submanifold K of X = X x {0} fc C Z, one can 
use the first component of tt to construct a relative vanishing projective space Lt 1 in 
X x s[(n, C)^'" -1 )) x {0} fc_1 , for t\ € C* small. Using the second component next, and then 
iterating the process produces a Lagrangian submanifold Lf lt ... t t k C 7r _1 (ti, -,tk) diffeomor- 
phic to X x (CP n ~ 1 ) fc . Parallel transport estimates show that this is well-defined whenever 
< \tj\ < a for all 1 < j < k, where a is a bound independent of j. 

Lemma 4.12. Changing the order in which the components of tt are used to construct 
Lt lt ...,t k produces the same outcome up to Lagrangian isotopy, at least as long as all the \tj\ 
are sufficiently small. 

Proof. The statement is trivial when the Kahler form is the product of a form on X 
with the standard forms on eachst^qW™- 1 )). The case of a general effective Kahler form 
follows from this by a Moser Lemma argument similar to the one in Lemma 30 in [HZj- D 



5. An analogue of the fibered A 2 singularity 

Our goal for this section is to understand the behavior of vanishing projective spaces 
under parallel transport in the situation of Section 13.61 The case n = 2 is a fibered A 2 
singularity and was treated in j37[ Section 4(C)]. The general case discussed here runs 
parallel to that, but the geometry is somewhat more complicated. 

5.1. The non-fibered case. We start with analyzing the situation in Section [2.61 There 
we had the space X n C sl(n + 1, C) consisting of the matrices of the form (j!7j) which admit 
an (n — l)-dimensional eigenspace. A matrix A G s((n + 1, C) has a "thick" eignevalue d of 
multiplicity at least n — 1, and two other "thin" eigenvalues which we write as d + Z\ and 
d + Z2- (Of course, there can be coincidences giving higher multiplicities.) The zero trace 
condition implies that z\ + z 2 = —(n + l)d. We also have the map (|18[1 given by 

q : SC n -> Sym 2 (C) C 2 . 

As coordinates on C 2 we take d and the product z = z\z 2 , so that q(A) = (d,z). By 
Proposition 12,171 the map q is a smooth fibration except over the critical value sets corre- 
sponding to z = (a thick-thin coincidence) or z = ((n+ l)d/2) 2 (a thin-thin coincidence). 

We view d as an auxiliary parameter. (Our choice of d is somewhat different from the 
one in |HZj-) We denote the restriction of q to some = q~ 1 ({d} x C) by q^ : !% n ^ — > 
{d} x C = C, and we write ^ ni d,z f° r a fiber of q^. For d ^ 0, the map has two critical 
values and Cd = (( n + l)d/2) 2 . These coalesce for d = 0. 

Let us make this picture more explicit. A matrix A G 3E n & is of the form 



(37) 



dl + 



( 



a 


1 


• 


■ 


an + a 2 


a 


«12 • 




021 





d22 • 


0-2n 


O-nl 





0>n2 ■ 


Oinn 



(As compared to (|17[1. we changed the meaning of the notation aij.) The fact that A — dl 
has rank at most two translates into the condition that the associated reduced matrix 



(38) 



Ay, 



( 


an 


a\2 ■ 








«21 


a.22 ■ 


0-2n 




V 


O-nl 


a n 2 ■ 




) 
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has rank at most one. Note that 

(39) 2a + a 22 + h a nn = -(re + l)d. 

If we denote s = aii + • • • + a nn , an evaluation of the sum of 2-by-2 minors of A gives 
z = —on + 2as, or 

(40) z = -an - in + l)d - s - s 2 . 

Thus SC n fl can be identified with the space of matrices ^4 rod of rank at most one, and the 
map q d : JT nd —> C is given by 

(41) qd(Aed) = -an - (re + l)d^^a kk - (^a kk ) 2 . 

k>2 k>2 

Over the critical value z = we have the element in S£ n> d corresponding to A iad = 0. 

Lemma 5.1. There exists a biholomorphism f between a neighborhood of A Icd = in X n ^d 
and a neighborhood of zero in the space sl(n, C)^" -1 ^ from Section ^. <A having the property 
that 

(42) of = q d . 

This biholomorphism extends to one between neighborhoods of zero in g[(n, C), in the 
sense that there is a commutative diagram 

x local g near ^ c)(1(n _i )) 



,z «s local = near f r 

0l(n,C) > 0t(n,C), 

where the vertical maps are the natural inclusions. 

Proof. The spaces 2£ n ^d and sl(n, C)^ 1 ^™ -1 ^ are clearly biholomorphic: one can subtract 
a suitable multiple of the identity from a reduced matrix in SC n ^ and make it traceless. 
However, this obvious biholomorphism does not satisfy the required condition (|42j). What 
we need is to find a biholomorphic change of coordinates near zero in 3£ n ^ that takes the 
expression 

(43) --(aiiH \~a nn ) 

n 

into the right-hand side of (|41|). 

It is helpful to work with a different set of coordinates on X n ^- By Lemma 14. 4| the 
variety sl(n, C)W n_1 )) and hence ^ nid can be identified with a GIT quotient C 2n /C*. We 
denote by Vi,Wj (i, j = 1, . . . , n) the coordinates on C 2n , so that the entries of a reduced 
matrix ^4 rcd (for an element of X n ,d) are ay = fjWj. Consider the holomorphic map from 
C 2n to itself which keeps all V{ fixed, takes w\ into nwi, and 



XV; 



'j — > n(?i + l)ci • it!j + nwj(v2W2 + • • • + v n w n ) for j = 2, . . . , re. 



The differential of this map at zero is invertible, hence this is a biholomorphism between 
neighborhoods of zero in C 2n . Since it is C*-invariant with respect to (|33|) . it induces a local 
biholomorphism between the GIT quotients. Written in terms of ay, this takes ()43|) into 
(jlTj) . as desired. 

The same formulae in terms of ay also give the required extension to a local biholomor- 
phism in gl(n, C). □ 
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Remark 5.2. More canonically, suppose that instead of S£ n we have a space 3ts(T) C sl(E) 
constructed from a linear quadruple T as in Remark \2.1tA A reduced matrix represents a 
linear map from F\ @ T\ to T 2 ®T\. Using the isomorphism T 2 — > F\ from the definition 
of a linear quadruple, we can think of reduced matrices as automorphisms of F 2 = F\ ® T\ . 
Hence, Lemma \5. 1\ vrovides a local biholomorphism between neighborhoods of zero in ££{T)d 
and s\{F 2 )^ n ~ 1 ^ , respectively. This extends to a local self-biholomorphsim ofgl(E). 

5.2. Effective Kahler forms. By analogy with Definition 14.61 we make the following 

Definition 5.3. Denote by Reg SC n the open dense set of smooth points of the variety SC n , 
and by i the standard inclusion of S£ n in sl(n + l,C). A Kahler form £1 on Reg 2J n is called 
effective if it is of the form i*LO, where lo is a Kahler form on s((n+ 1, C) that is real analytic 
in a neighborhood of zero. 

If we denote by (f>«), i, j = 1, • • • , n + 1 the entries of a matrix B £ sl(n + 1, C), we call 

-dd c (\b ll -b 22 \ 2 + y, i^i 2 ) 

(ij)^(l,l),(2,2) 

the standard Kahler form on st(n + 1, C). Its pullback to 3£ n d is called the standard Kahler 
form on that space, and denoted Q s t- (Strictly speaking, because of the zero trace condition, 
there is no "standard" choice of basis for sl(n + 1,C). Our choice is the most natural here 
because we deal with matrices of the form 1371 ) 

Fix a small (relatively compact) neighborhood V of zero in S£ n . The analogue of Lemma l4.7l 
still holds. If we restrict Q s t and any other effective Kahler form on Reg S£ n ^d to the regular 
set Reg V, then the corresponding metrics g and g s t are equivalent. 

For small d € C, we can define two natural Kahler forms on Reg S£ n d. One is the 
restriction of f^, which we call the first standard Kahler form and denote by fi s t(i). The 
other, denoted Fl s t(2) and called the second standard Kahler form, is the pullback of the usual 

2 

Kahler form on C n under the inclusion of ^~ n ,d (viewed as the set of reduced matrices) into 
0l(n,C) = C n \ 

The only difference between Q s ta) and £l s t(2) appears because of the entry an+a 2 in ()H7|) . 
Using (|39|) we see that this quadratic discrepancy is negligible for V and d sufficiently small. 
More precisely, the first and second standard metrics g s t(i) and g s t(2) induced by £l s t(i) and 
^st(2) on ^n,d are equivalent on Reg (V PI & n ,d)- Moreover, the constants appearing in the 
definition of equivalence for metrics can be taken to be independent of d, for d sufficinetly 
small. Note that from here it follows that the same statements are also true for g st ^) arm 
any metric induced by the restriction of an effective Kahler form on Reg 3C n . 

5.3. Estimating parallel transport. We work on the same open set V C 3£ n as in 

the previous subsection. Endow Reg 3£ n with an effective Kahler form Q in the sense of 
Definition 15. 31 It is easy to see that the restrictions of 0, to Reg X n ,d — sl(n, C)^" -1 ^ — {0} 
are effective in the sense of Definition 14.61 

Using Lemmas 15.11 and 14.81 we can find a natural Lagrangian vanishing projective space 
(with respect to the map qd) 

Ld,z — CP n 1 C 3t>n,d,zi 
for any z with \z\ \d\. If z and d are small enough this lies inside V. 

For d, z > real (z <C d), consider the path jd,z in C — {0, Cd} going from z to Cd/2 on 
the real axis, then making a positive full circle around and going back to z along the real 
axis. (See Figure E) Parallel transport along this path basically corresponds to swapping 
the order of the two thin eigenvalues d + z\ and d + z 2 ■ 
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Z 

• x- 





Figure 1. Swapping the thin eigenvalues. 

The image of L t under parallel transport along 7^ is another Lagrangian projective 
space 

(44) Ka,S L d,z) C X nAz . 

In order to show that this is well-defined, we need to estimate the size of the parallel 
transport vector fields. 

Lemma 5.4. On each Reg (V n X n ,d) we have 

(45) \\Vq d \\ 2 > v \q d -Cd\, 

where v > is a constant that depends only on n, V, and the Kdhler form f2. 

Proof. By the observation at the end of Section 15.21 it suffices to prove the required 
bound using the second standard Kahler form on each Reg 2&n t d- 

If we think of X nd as the space of reduced matrices, we have an action of U{n — 1) on 
this space given by conjugation with the block matrix 





••• 









u 








for U G U(n — 1). By using this action we can transform every matrix A rcd = (aij) of rank 
at most one into one satisfying a« = for all i > 3, j > 2. Thus it suffices to prove the 
inequality (|45|) for matrices of this form, because both the Kahler metric g s ^2) and the 
expression ()41|) are U(n — l)-invariant. 

Since all the 2-by-2 minors of A ied are zero, we can in fact assume that = for i > 3 
and any j. (Indeed, if an = for some i > 3, then all columns except the first are zero, and 
by transposing we are back in the same case.) 

Just as in the proof of Lemma 14. 9( it is now helpful to restrict qd to various subspaces 
where the size of its gradient is easier to estimate. The first restriction is to the space of 
reduced matrices with the property mentioned in the previous paragraph: 

(46) aij = for i > 3 and any j. 
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Inside of this space we have the open dense subset W consisting of matrices of the form 

/ UWl UW2 ■ ■ ■ uw n \ 
wi w 2 ■■■ w n 
••• 

\ ••• J 

with u, Wj € C. The only matrices that satisfy l)4fij) and are not in W have only zeros in the 
second row, but not so in the first. Note that if we establish 1)45)1 for matrices in the dense 
set W, by taking limits the same inequality must be true for the remaining matrices too. 

Therefore we just focus our attention on the set W. In terms of the coordinates u, Wj, the 
restriction of q d to W = C n+1 is given by 

Pd = Qd\w '■ W — > C, (u, Wj) — > —uwi — (n + l)d • W2 — w\. 

Since ||Vpd|| < HV^dll) the inequality (|45[) would follow if we were able to prove 

(47) ||Vp d || 2 > v \p d -CdY 

The restriction of the second standard Kahler form to W is 

-^ c ((|u| 2 + i)(H| 2 + --. + K| 2 )). 

Let us consider the restriction of pd to the subspace W\ = C C W which corresponds to 
keeping all coordinates except W\ fixed. We get 

12 



2 \ iiv7„ I Il2 



(48) ||V^|| 2 > ||Vp, 



in 



d\Wi I 



lul 2 + r 

Doing the same thing with for the ^-coordinate we obtain 

(49) |V»|p > ""Yl^f 1 " 2 ' 2 - 

\u\ z + 1 

Finally, using the n-coordinate: 

(50) WVpdf > ■ |J H 1, , 2 - 

\Wl\ H 1" \ w n\ 

The matrices for which we seek to prove (|47|) all lie inside the relatively compact set V, 
which means that there is an a priori upper bound R on the absolute values of all Wj's. 
There is no such bound on u. Nevertheless, if \u\ > 1, then ([48 [I would automatically imply 
||Vpd|| > 1/2, and then (|47J) would follow from the a priori bound on its right-hand side. 
Thus we can assume \u\ > 1. Putting (|4^|) and 1)50(1 together and using these bounds we 
obtain 

\\Vpd\\ 2 > max(M 2 /2, \wi\ 2 /(nR 2 )) > (2n)~ 1/2 ii~ 1 |^il- 
Combining this with ()49(l gives 

HVprfll 2 > m&x((2ny 1/2 R- 1 \uwi\,2\(n + l)d/2 + w 2 \ 2 ) 
> v ■ \uwi + ((n + l)d/2 + w 2 ) 2 \ = v ■ \p d - Cd\, 
as desired. □ 

Lemma 5.5. For < z <C d small, parallel transport along jd,z is well-defined near the 
vanishing projective space Ld )Z C V, and the image \44\) still lies in V. 
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Proof. Note that the length of j^z is (l + 7r )Cd> an d all of its points are at distance at least 
Cd/2 from Q. Using Lemma IS~H and (|27jl. we deduce that any flow line of H~ 1dz contained 
in W must satisfy 

j \\H ldz \\ = j HVfeir 1 <(l + 7r)C d ^- 1/2 (Cd/2r 1/2 = C -d, 

where C is a constant depending only on n, V, and The conclusion follows just as in the 
proof of Lemma 14.101 □ 

5.4. Projection to the a-coordinate. Let us assume that Reg 2£ n is endowed with its 
standard Kahler form, so that on each (and its subspaces) we have the first standard 
Kahler form. In this situation, a more concrete picture of the vanishing cycles can be 
obtaines by projecting X n ^ z to the a-coordinate, where a is given by the expression (|39(1 
in terms of the a^'s. 

Denote by 3£ n ,d,z,a t ne subspace of X n ^ z corresponding to fixed a. Using (f3§|) . (|40|). and 
the representation of SC n & in terms of the variables i>i, Wj as in the proof of Lemma 15. 11 we 
get that X n ^,z,Q. is isomorphic to the variety 

%i,e 2 = { v i,Wj = 1, . . . ,n) | viwi = ci, v 2 w 2 H h v n w n = c 2 }/C*. 

Here the C*-action is given by and 

c\ = —z — 2(n + l)d-a — 4a 2 ; 

c 2 = — (n + l)d — 2a. 

Lemma 5.6. The variety "V C \,C2 * s nonsingular if and only if c\ ^ and c 2 ^ 0. 

Proof. If c\ = 0, the variety has two irreducible components corresponding to v\ = and 
w\ = 0, respectively, and the two components have a nontrivial intersection. 

If c\ ^ 0, we can use the C*-action to fix v\ = c\, w\ = 1. We get that % 1)C2 is the quadric 
given by the equation V2W2 + • • • + v n w n = c 2 - This is singular if and only if c 2 = 0. □ 

Therefore, for fixed n, d, z, there are typically three values of a for which 2£ ni d,z,a is 
singular: a± = — (n + l)d/2, and the two roots a 2 and 03 of the equation 4a 2 + 2(n + l)da + 
z = 0. Note that for < z <C d, all these three values are real and negative. The leftmost 
one is or, then one of a 2 and 03 (say a 2 ) is slightly to the right of a±, and the remaining 
value 0:3 is close to zero. (See Figure I2J) 

Let us consider the U{n — l)-action on SC n ^ that appeared in the beginning of the proof 
of Lemma 15.41 The fibers 3£ n & zol are preserved by this action, which in terms of the 
coordinates v = (v 2 , . . . , v n ),w = (w 2 , . . . , w n ) is simply 

(51) UeU(n-l) : (v,w) -»• {Uv^U^w). 

This action is Hamiltonian with respect to f^m. If n ■ 3^ n ,d,z,a = ^ci,c 2 — > u ( n ~ 1) 
denotes the moment map, the set // _1 (0) is determined by the system of equations 

ViVj=WiWj (i, j = 2, . . . ,n). 

If these equations are satisfied, then first of all = \v)i\ for all i, and then we know 
that Wi/vi is independent of i. This means that Wi = Xvi for some A G S 1 . The equation 
v 2 w 2 + • • • + v n w n = c 2 becomes \v 2 \ 2 + • • • + \v n \ 2 = \~ l c 2 , and (unless c 2 = 0) the value 
of A is determined by c 2 in such a way as to make A~ X C2 a positive real number. 

In light of this, the intersection 

(52) "^ri,(i,2,Q = 3&n,d,z,a H /i 1 (0) 
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Figure 2. Projections of the Lagrangians. 

is easily seen to be a (2n — 3)-dimensional sphere if ci, c% 7^ 0, a point if C2 = 0, and a copy 
of CP"" 2 if ci = 0, C 2 7^ 0. 

Remark 5.7. If we are in the situation from Remark \5.ML with 3£{T) instead of 3£ n , 
then for ci,C2 7^ 0, the space can be naturally identified with a zero-centered sphere in 
Hom(Fi,Ti) = Hom(Fi, F2/ Fi). Indeed, if we use the C*-action to set w± = 1, then the Vj 's 
(j > 2) are elements on the first column of the reduced matrix A Icd . This matrix represents 
a linear operator in jjl(i<2), written in a basis in which the first component is in Fi. 

Given a path S : [0, 1] — ► C such that 5(0) = ai, 5(1) € {02,03} and 5(t) {01,02,03} 
for t € (0, 1), we can construct a Lagrangian CP" --1 C & n ,d,z '■ 

(53) A S = (J ^n,d,z,5(t) 

te[o,l] 

as the union of a point sitting over ai, a family of 5 2n_3 's sitting over 5(t),t £ (0, 1), and 
a CP n_2 sitting over the other endpoint (02 or 03). 
Suppose now that < z < 

Lemma 5.8. The vanishing projective space z C ^ n ,d,z with respect to Fl s t(l) an ^ ^ s 
monodromy image \44\) are Lagrangian isotopic to the projective spaces ISty) associated to 
the paths Si and t$ 2 (5i) shown in Figured (Here t$ 2 stands for a half-twist around 52-) 

Proof. This is completely similar to the proof of Lemma 32 in [37] . A short computation 
shows that the parallel transport vector fields for q^ : 3£ n & — * C are invariant with respect 
to the U(n — l)-action (|51|) . and d(j> vanishes on them. The critical point corresponding 
to yl rod = is a fixed point of the U(n — l)-action, and lies in // _1 (0). It follows that the 
vanishing cycles are U(n — l)-invariant and lie in /x -1 (0) as well. Any such Lagrangian is 
of the form A$ for some path 5 going from a± to either 02 or 03. This information, and 
the fact that L^ z must lie close to the critical point A re< i = for z small, determines the 
isotopy class of L^ z uniquely. A similar argument works for the mondromy image, but in 
that case the thin eigenvalues (and hence 02 and 03) are being swapped. □ 

Remark 5.9. The Lagrangians Ld, z Q-nd h ld z (Ld )Z ) (constructed using the first standard 
Kahler form) can be isotoped to intersect exactly in one point. 

5.5. The fibered case. We now consider the situation appearing in Lemma 13.81 and Re- 
mark [TH Our discussion parallels that at the end of Section 4(C) in |3*7| . 

Let X be a complex manifold and 8? a holomorphic quadruple bundle over X as in 
Section 13.61 Over X there are associated holomorphic vector bundles &\ C J^2 C $ of 
ranks l,n,n + 1, respectively. We also have a fiber bundle 3C(3F) C sl(S) over X with 
fibers isomorphic to X n , constructed using Remark l2.18l We make the assumption that the 
bundle #2 ~~ > X is trivial. (This is satisfied in Lemma 13.81 cf. the observation preceding 
Remark 13.91 ) Consider also the map q : SC(8?) — > Sym 2 (C) = C 2 which is equal to (fTH|) in 
every JT n fiber. 
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We identify X with the zero section in sl(fo'), and endow sl(&) with a Kahler metric lo. 
Let K, K' be two closed Lagrangian submanifolds of X, and assume that lo is real analytic 
in a neighborhood of K,K' C sl{$). Using parallel transport in the union of the critical 
value sets Crit{qd) = X C &(^)d,o corresponding to A Ted = 0, we obtain Lagrangian 
submanifolds K d , K' d in Crit{q d ) for any small d. 

Applying the results of Section 14.41 and taking into account the triviality of J^2 and 
Remark 15,21 we get associated relative vanishing projective spaces for tt^ in the form of 
Lagrangian submanifolds 

(54) L dtt , L' dz C %{2T) d , z 

for < z <C d. These are diffeomorphic to K x CP n_1 and K' x CP n_1 , respectively. 

Fix a relatively compact open subset W C X containing K,K', and an open subset 
V C which is the unit ball bundle over W with respect to the given metric. For 

< z C (i, the Lagrangians Ld tZ ,L' dz will lie in V. The estimates for parallel transport 
from Section 15.31 apply in this situation as well, and show that there is another well-defined 
Lagrangian submanifold 

(55) ^ = ^(4) c ^k» n7 

Let us now look at a particular construction for the Kahler form lo. Given an arbitrary 
Kahler form on X and a Hermitian metric on $ — > X (both with good local real analyticity 
properties), we can combine them to obtain an associated form lo on s\($) which is Kahler 
at least in a neighborhood of the zero set of the moment map [i for (|51|). (For details of 
this construction, we refer to Remark 33 in |37j.) Given a S C and a path 5 in C as in 
Section 15.41 we get a Lagrangian submanifolds h-d,z,K,5 by applying the construction 1)53(1 
fiberwise over a Lagrangian K C X. The arguments in the proof of Lemma 15.81 carry over 
to give the following generalization: 

Lemma 5.10. Equip Reg 3£(5T) and the smooth fibers &{2?)d,z with the restriction of a 
Kahler form lo constructed as in the previous paragraph. Given closed Lagrangian subman- 
ifolds K, K' C X, consider the relative vanishing projective spaces {5$ and the mondromy 
image \55\) . Then, up to Lagrangian isotopy, 

Ld,z = &d,z,K,6i, L'dz = Ad.z.K'^S!- 

Here the paths 5\ and t§ 2 8i are as in Figured 

6. Floer COHOMOLOGY 

Lagrangian Floer cohomology (|S], 0) can be defined in various settings, and it comes 
with various amounts of structure depending on how restrictive our assumptions are. We 
work here in the setting of [SH Section 4(D)], except that we need to relax the spinness 
condition on Lagrangians. 

6.1. Definition. Let M be a Stein manifold endowed with an exact Kahler form lo. We 
assume that c\{M) = and H 1 (M) = 0. Let L,L' be two closed, connected, oriented 
Lagrangian submanifolds of M satisfying H\{L) = Hi(L') = 0. We also assume that the 
pair of Lagrangians (L,L') is relatively spin in the sense of jH], meaning that there exists 
a class st € -£f 2 (M;Z/2Z) that restricts to W2(L) on L and to W2(L') on V . The choice of 
the class st is called a relative spin structure. 
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By doing a small Lagrangian perturbation we can arrange so that the intersection LOL' 
is transverse. The Floer cochain complex is then defined to be the abelian group 

CF(L,L')= O x , 
xeLnL' 

where O x is the orientation group of x. This is the abelian group (noncanonically isomorphic 
to Z) which is generated by the two possible orientations of x, with relation that their sum 
is zero. Our assumptions allow one to define a relative Maslov index Agr(x, y) £ Z for every 
x, y G L n L' . The relative index staisfies Agr(x, y) + Agr(y, z) = Agr(x, z) and induces a 
relative Z-grading on the cochain complex. 

The Lagrangian Floer cohomology groups HF*(L, L') are the cohomology groups of 
CF*{L,L') with respect to the differential dj defined on generators by 

dj(x) = ^2n xy y. 
y 

Here n xy £ Z is the signed count of isolated solutions (modulo translation in s) to Floer's 
equation 

' u : R X [0, 1] -»• M, 

u(s,0) £ L, u(s, 1) € L', 
' d s u + J t {u)d t u = 0, 

lim u(s, •) = x, lim u(s, ■) = y, 

, s— >+oo S—f—OC 

where J = (Jt)o<t<i is a generic smooth family of u-compatible almost complex structures, 
which all agree with the given complex structure outside a compact subset. The solutions 
to (|56|) are called pseudo-holomorphic disks. 

The fact that M is Stein implies that the solutions of (|56|) remain inside a fixed compact 
subset of M. The exactness of u and the fact that i/ 1 (L) = i/ 1 (L / ) = ensure that no 
bubbling occurs and thus the moduli spaces of solutions to Q56JI have well-behaved com- 
pactifications. Finally, the condition that the Lagrangians are relatively spin is necessary 
in order to define orientations on the moduli spaces. The orientations depend on some 
additional data, cf. p. 192]: the class st G H 2 (M; Z/2Z) which we called a relative spin 
structure, as well as (in principle) choices of spin structures on certain bundles over the 
two-skeleta of L and V . However, in our case the latter piece of information is vacuous: 
since our assumptions imply that H l (L; Z/2Z) = H 1 (L';7 J /2Z,) = 0, the spin structures are 
unique. (This follows from |2U1 p. 81, Corollary 1.5], for example.) 

An important property of the Floer cohomology groups HF* (L, L') in our setting is 
that they are invariant under Lagrangian isotopies of either L and L'. Furthermore, they 
are invariant under any smooth deformation of the objects involved in their definition (for 
example, the Kahler metric), as long as all the assumptions which we made are still satisfied. 

6.2. Absolute gradings. As defined in the previous subsection, the Floer cohomology 
HF*(L, L') groups are only relatively Z-graded. However, in the presence of some additional 
data, one can improve this to an absolute grading. This improvement is due to Seidel . 
who was inspired by the ideas of Kontsevich . 

Since c±(Y) = 0, we can pick a complex volume form on Y, i.e. a nowhere vanishing 
section of the canonical bundle. This determines a square phase map 

(57) 9 : C -> C*/R + , 9{V) = 0(e a A • • • A e n f 
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for any orthonormal basis e%, . . . ,e n of T X L. We can identify C* /R+ with S 1 by the con- 
traction z — > z/\z\. The condition H l {£) = allows us to lift 9 c to a real- valued map. A 
grading on £ is a choice 8c '■ £ —> R of such a lift. If we choose a grading for £ as well, 
then every point x in the intersection Cf\ £ (which was assumed to be transverse) has a 
well-defined absolute Maslov index gr(x) E Z [5B| . such that Agr(x,y) = gr(x) — gr(y). In 
turn, this gives an absolute Z grading on the cochain complex and on cohomology. The 
result does not depend on the choice of 8, because the condition H l (Y) = ensures that 
different choices are homotopic in the class of smooth trivializations of the canonical bundle. 

We should note that if we denote by L — > L[l] the process which subtracts the constant 
1 from the grading, then we have 

(58) HF*(L,L'[1}) = HF*(L[-1],L') = HF* +1 (L,L'). 

6.3. A Kiinneth formula. Let us consider Floer cohomology in the geometric situation 
from Section f4. 41 We work in the following context, which is slightly more general than the 
one in Section f4.4l 

• Z is a complex affine variety equipped with a holomorphic function ir : Z — > C. There 
is a neighborhood D of the origin in C such that the open set ir^ 1 (D — {0}) C Z is 
smooth, and the restriction of tt to this open set is a smooth submersion. 

• We have a smooth complex subvariety X <Z Z and an isomorphism between a neigh- 
bourhood of that subvariety and a neig hbourhood of X x {0} C X x sl(n, QW" -1 )) , 
such that the following diagram commutes: 

„ local = defined near X , r , , /r ~i\ IM n — 

Z > Ixs[(n,C) w >> 



(59) 



C 



• The regular set Reg Z of Z carries an exact Kahler form that is effective near X 
in the sense of Section 14.41 In particular, since O is locally obtained by pullback 
from X x sl(n, C), this automatically equips X with a Kahler form as well. 

• We assume that the first Chern classes c\{Zt) for t ^ 0, as well as c\(X), are zero. 
Also, H 1 {Z t ) = for small t + 0, and H X {X) = 0. 

We endow all the smooth fibres Zt with the restrictions of f2. Note that ()59|) implies 
that every Z t (for t / small) has an open set Ut C Z t diffeomorphic to X x T*CP n ~ 1 . 
Let K, K' be closed Lagrangian submanifolds of X which have the properties necessary 
to define the Floer cohomology HF(K, K'). In particular, the pair (K,K') comes with a 
relative spin structure st € H 2 (X;Z/27j). For sufficiently small t ^ we have associated 
relative vanishing projective spaces L t ,L' t C Ut C Z t , as in Section l4~H These are products 
of K, K' with CP n_1 , so their Floer cohomology HF(L t , L' t ) is again well-defined, provided 
we make sure that the pair (Lt,L' t ) is relatively spin. This last condition is not automatic, 
so we introduce an additional piece of data: 

• For small t ^ 0, we have a class st € H 2 (Zt; Z/2Z) such that its restriction to each 
Ut = X x T*CP n ~ 1 C Zt is isomorphic to the product of st and £ n . Here £ n is zero 
for n even, and equals the generator of H 2 (T*CP n ~ 1 ; Z/2Z) for n odd. In other 
words, cf n is the pull-back of the second Stiefel- Whitney class of CP™" 1 under the 
projection TTP"" 1 -> CP™" 1 . 

We use st to define HF(L t , L' t ). Note that under these hypotheses, the Floer cohomology 
HF(Lt, L' t ) is independent of t by the invariance principle mentioned at the very end of 
Section 16.11 
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Lemma 6.1. HF(L t , L' t ) ^ HF(K, K') <g> if* (CP™ -1 ), where ^{CW 1 " 1 ) is given its stan- 
dard grading. 

Proof. This is completely analogous to the proof of Lemma 36 in [HZ]. One can find a 
holomorphically weakly convex neighborhood V of X in Z on which the local isomorphism 
1)591) is well-defined. For t small, the Lagrangians Lt and L' t are in V. Pseudoholomorphic 
disks in Z t with boundaries in V C\Z t cannot go outside V, so the Floer cohomology can be 
computed in V D Z t . On that set we can deform the Kahler form to be the product of the 
form on X with the restriction of the standard form Q s t from the example following 1)34)) . 
Floer cohomology is not changed by this deformation, and in the new Kahler form L% and 
L' t become products K x CP n_1 and K' x CP n_1 , respectively, where the CP n_1 factor is 
the same. The result now follows from a straightforward Kunneth product formula in Floer 
cohomology, similar to the one in Morse theory. The Floer cohomology orientations were 
chosen to exactly match. □ 

6.4. Floer cohomology in the setting of Section 15.51 We now analyze the following 
situation: 

• Z is a complex affine variety equipped with a holomorphic map it : Z — ► C 2 . The 
variety Z is smooth over the set of pairs (d, z) 6 C 2 with < z <C d sufficiently 
small, and the map it is a submersion there. 

• We have a smooth complex subvariety X C Z and a holomorphic quadruple bundle 
3? — > S£ in the sense of Section 13.61 There are associated holomorphic bundles 
&\ C J?2 C <§ over X of ranks 1, n, n + 1, respectively, and we assume that ^2 
is trivial. From here we obtain a fiber bundle ££{5 r ) -> I as a subset of sl(<f), 
and a map g : SC{3") — > C 2 . We assume that there is an isomorphism between a 
neighborhood of X in Z and a neighborhood of the zero section in J2T(J7) C sl(<f), 
such that the following diagram commutes: 



^ local = defined near X ^ ^ '^^^ 



(60) 



c 2 > c 2 

• The regular set Reg Z carries an exact Kahler form O which in a neighborhood of 
X is obtained by pull-back from a real analytic Kahler form on an open set in s\{$). 
In particular, X also has an induced Kahler form. 

• We require that ci(Z dtZ ) = and H l (Z dtZ ) = for < z < d. Also, a(X) = and 
H\X) = 0. 

Take closed Lagrangian submanifolds K,K' C X, satisfying the conditions in Section l6.il 
so that HF(K, K') is well-defined. For sufficiently small < z d, the construction in 
Section 1531 produces some new Lagrangians La tZ ,L' dz ,L'^ z C Z^ z . These can be assumed 
to lie inside an open subset C/^z C Z& z diffeomorphic to X x T*CP n_ , and where the 
isomorphism (|6U|) is well-defined. Given the relative spin structure st for the pair (K,K'), 
we make the following additional assumption. 

• For small < z <C d, we have a class st € H 2 (Zd, z ] Z/2Z) such that its restriction 
to each C/^z = X x T*CP n_1 C -Z^z is isomorphic to the product of si and £ n . Here 
£ n is zero for n even, and equals the generator of H (T*CP n ~ ;Z/2Z) for n odd. 

Under these hypotheses, we can use st to define the Floer cohomology HF{Ld, z , L d z ), 
for < z C c! small. 



LINK HOMOLOGY THEORIES FROM SYMPLECTIC GEOMETRY 



37 



Lemma 6.2. HF(L djZ , L'jJ ^ HF(K, K'). 

Proof. This goes just like the proof of Lemma 38 in |37], so we only sketch the argument. 
We can assume that K and K' intersect transversely. Floer cohomology can be calculated 
inside a suitable holomorphically weakly convex subset of Z^ z where (j6Uf) is defined. On 
that set we can deform the Kahler form into one that is induced by the form on X and 
a Hermitian form on £ ', as in the discussion at the end of Section 15.51 Lemma I5.1UI and 
Remark 15. 91 show that L^ z and L'^ z can be isotoped so that their intersection points exactly 
correspond to intersection points of K and K' . With a little more care we can also arrange 
that pseudoholomorphic disks in the two settings are in one-to-one correspondence as well. 
This implies that the Floer cohomology groups are isomorphic. □ 

7. Definition of the invariants 

This section contains the construction of the Floer cohomology groups ^^ symp - We apply 
the symplectic geometric techniques which we developed so far to the map 

(61) x*\s m , n ■■S m ,nnf^F/w* 

from Section f3. 21 Recall that q = sl(mn, C), tt is the partition (l m (n — l) m ), and the fibers 
°f X n \s m n are denoted y m ,n,T- The restriction of (|6*Tj) to the set S m:Tl n q 77 '^ lying over the 
bipartite configuration space BConf^ is a symplectic fibration. 

We extend the notation y m ,n,T to r = (A, fl) such that the trace T = ^ \j + (n — 1) ^ fj,j is 
not necessarily zero. (When the A's and are distinct, the values of r form a configuration 
space BConf m = Conf* as defined in Section 12.21 ) In this more general situation, by 
3^m,n,r we mean the fiber of ()61|) over the normalized configuration made of Xj — T j (rem) 
and [ij — T/(nm). 

7.1. Parallel transport in S m ^ n n ^ 7r,rcg . We sggIc a Kahler metric £1 — — dd c ifj on the total 
space of our symplectic fibration 

(62) S m , n n £f' rcg BConC 

satisfying the conditions (|28j) - (|31j) . so that rescaled parallel transport is well-defined. 

The function tp will be the restriction of some ip : S m ^ n — > R whose construction is com- 
pletely analogous to that in |371 Section 5(A)]. Pick some a > m. For each k = 2,4, ... , 2m, 
apply the function £k( z ) = \z\ 2a ^ k to the coordinates of S rr ^ n on which the action (|23fl is 
by weight k or, in other words, to the entries of Y\k- Sum up these terms to get a function 
£ : <Sm,n —>■ C. This is not smooth at the origin, but we can perturb it using compactly 
supported functions r/k on C such that ipk = Vk + £,k is C°°. We choose the V'fc to be real 
analytic in a neighborhood of the origin, and strictly plurisubharmonic everywhere. Adding 
up all the ipkS we obtain the function tj) on Syn^fi) whose restriction to q 77 ^^ is tp. We set 

n = -dd c ip. 

Lemma 7.1. The function ip satisfies \2 ^) -H3l \) . 

The proof of Lemma l7.1l is identical to those of Lemmas 41 and 42 in |37j . so we omit the 
details. The main ingredient in the proof of (|29|) is that by construction tp is asymptotically 
homogeneous for the action of C C* by (|23j) . We can then control its critical points 
using this M + -action, after pulling back to the resolution S m ^ n n Q n from (|2.16|) . 

According to the discussion in Section f4. 11 the function tp defines rescaled parallel trans- 
port maps 

hp SC '■ y m ,n,f3(0) ~^ ym,n,f3(l) 
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for every path (3 : [0, 1] — > BConf^. (Strictly speaking, hp is only well-defined on compact 
subsets, but these can get arbitrarily large, cf. the note at the end of Section |4~T]) . We also 
extend the notation hp to paths in Con/ m , with the understanding that each point of the 
path is translated by T/(mn), where T is its trace. 

Rescaled parallel transport also exists for the symplectic fibration (|26|) . The total space 
Cm,n lives inside 5 mi „,, so we can take the restriction of the function tp and the corresponding 
Kahler form. Given a path f3 : [0, 1] — > Conf® with a = (l m ~ 1 (n— l) m ~ l n) as in Section fo. 41 
we get a rescaled parallel transport map hj c . Denote by BConf^ C Conf a the subset 

corresponding to the multiplicity n eigenvalue being zero. We can identify BConf^^ to 
an open subset of BConf^^ in the obvious way. Note that according to Lemma 13.31 
a fiber C m ^ T with r = {(0, A 2 , . . . , A m ), (0, /i 2 , . . . , Mm)} can be identified with y m -i, n ,f, 
with f = {(A 2 , ■ ■ ■ , A m ), (fi2, ■ ■ ■ , Mm)}- This identification is compatible with our choice of 
symplectic forms, provided we take the same a > and functions ipk for both m and m — 1. 
Thus parallel transport in C m , n over paths in BConf^^ is the same as parallel transport 
in 5 m _i, n n*[((m - l)n,C) n ' , where vr' = (l m " 2 (n - l) m ~ 2 ). 

7.2. The Lagrangians. Let r = {(Ai, A2, . . . , A m ), (mi,M2i • • • 1 Mm)} be a point in the bi- 
partite configuration space BConf m . 

Definition 7.2. A crossingless matching m with endpoints t is a collection of m disjoint 
embedded arcs (5±, . . . } S m ) in C such that each 5^ : [0,1] — > C satisfies <5fc(0) = A& and 
<5fc(l) = Mi/(fc)i where \x is a -permutation of {1, 2, ... , m}. 

To each crossingless matching m we associate a Lagrangian submanifold L m C ym,n,Ti 
diffeomorphic to the product of m copies of CF n_1 , and unique up to Lagrangian isotopy. 
Since we had not fixed an ordering of (/ii, /i2> • • • , Mm), we can assume that v is the identity 
permutation, so that 5k joins A& and /ifc. We choose a path [0, 1) — > BConf m that starts 
at r and moves the endpoints of 8\ towards each other along that arc, while keeping all 
the other components of r constant. The endpoints Ai and should collide as s — > 1. 
We assume that 6\ is a straight line near its midpoint A, and that the colliding points 
move towards the midpoint with the same speed as s — > 1. We can translate this whole 
picture into BConf^ C f) 77 ' /W w as before. We obtain a path 7 : [0, 1] -> \f /W w with 
7(1) = {(A', A' 2 , . . . , X' m ), (A', // 2 , • • • , Mm)}> suc h that X' k = Afc + A' - A and // fc = fi^ — A' — A, 
for all k = 2, . . . , m. 

The construction of L m proceeds by induction on m, with n being kept fixed. In the case 
m = 1 we have the vanishing CP™" 1 from Section f4. 31 in the fibers over 7(1 — s) for small s. 
We use reverse (rescaled) parallel transport along 7 to move this back to the fiber 3^1 n r over 
7(0). For the inductive step, denote by m the crossingless matching of (2m — 2) points which 
is obtained from m after removing <5i. By assumption, we have a Lagrangian Lm C y m -i,n,f, 
where f consists of the endpoints of m. According to Lemma l331 the space y m -i,n,f can be 
identified with a fiber of the singular set fibration C m>n — > Conf®. Using parallel transport 
in C mj „, we can move the Lagrangian into the singular locus of 3^71,71,7(1)- The local models 
from Lemma 13.51 and Remark 13.61 tell us that we can apply the relative CP" --1 construction 
from Section T4.4I and get a Lagrangian submanifold in y m ^ nri (i- s ) for small s. Using reverse 
parallel transport along 7 we move this to the fiber over 7(0). The result is the desired 
Lagrangian L m C 3^m,n,r- Note that the necessary real analyticity condition on the Kahler 
metrics (cf. Definition 14. 61 and Section f4. 4(1 is satisfied because of the way we chose the f/Vs 
in Section fTTl 

Let us note a few properties of the Lagrangians that arise from this construction. Observe 
that the construction can be done in families as well. If m(s) (s € [0, 1]) is a smooth family of 
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Figure 3. Matchings m and m'. 




One corollary is that a smooth family of crossingless matchings with fixed endpoints 
always yields a family of isotopic Lagrangians. 

Note that in the first step of the construction of L m (corresponding to m = 1), the 
matching is simply a path from Ai to Si, and therefore its isotopy class is unique. This 
implies that the procedure does not depend essentially on 5\. A quick consequence is the 
following: 

Lemma 7.3. Let m = (S\, 82, 83, ... , 8 m ) and m' = (Si, 8' 2 , S3, ... , 5 m ) be two crossingless 
matchings related to each other as shown in Figure Ei' 5' 2 is obtained from 82 by sliding it 
over 81 , using a dashed path ( shown dashed in the figure ) that does not intersect any of the 
other arcs. Then L m and L m i are Lagrangian isotopic. 

Recall that in the local model given by Lemma f3.71 we can change the order in an iteration 
of the vanishing CP™" 1 procedure, cf. Lemma 14.121 Applying this to our construction, we 
obtain: 

Lemma 7.4. Up to Lagrangian isotopy, L m is independent of the ordering of the components 
of the matching m. 

7.3. Floer cohomology. Given an oriented link k C S 3 we can represent it as the closure 
of an ?n-stranded braid b £ Br m . (See Figure 0] for a presentation of the left-handed trefoil.) 
Note that the braid group Br m is the fundamental group of the configuration space Con J^mj 
of m unordered points in the plane. 

Consider the standard crossingless matching mo shown in Figure El where all the A's and 
the //'s are on the real line, with the "thin points" A's to the left of the "thick points" 
fx's, and all the arcs lying in the upper half-plane. Let D C C be a disk that contains all 
the thin points and none of the thick ones. We denote by U C BConf m the open subset 
corresponding to bipartite configurations r = {(Ai, A2, . . . , A m ), (hi, ^2, ■ ■ ■ , Hm)}, where the 
[Ak's are fixed to be the ones chosen for mo, while the A^'s are free to move inside the disk D. 
Using a deformation retraction C — > D, we can identify Br m with the fundamental group 



In this fashion, the braid b representing k induces a path [3 : [0, 1] — > U with /3(0) = 
/3(1) being the configuration tq formed from the endpoints of mo- We consider the pair of 
Lagrangians (L,L') in M = 3^m,n,r j where L is and V = h r p esc (L) is obtained from L 
by parallel transport. We denote by w writhe of the braid b, and set 



off/. 



(64) 



^ )symp (K)=HF*^- 1 ^\L,L'). 
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b 




Figure 4. The trefoil braid closure. 




Ai A2 A m [i m H2 H\ 



Figure 5. The standard crossingless matching mo- 



The fact that these groups are link invariants will be shown in the next section. For now, 
let us check that we are in the setting of Section [6. 11 so that the Floer cohomology groups 
on the right-hand side of (|64|) are well-defined. 

The complex manifold M = y m ,n,T is an affine variety, and therefore Stein. The Kahler 
form uj = —dd c ip is exact by construction. The simultaneous resolution (|16|) shows that 
M is deformation equivalent to the nilpotent fiber Af p7T from (120(1. It follows from the 
work of Maffei [22] that M pn is a quiver variety in the sense of Nakajima |25j . and hence 
hyper-Kahler. This implies that c\ = for J\f pn and then the same must be true for M. 

As noted in Section 12.91 the fiber Af pn is homotopy equivalent to the Spaltenstein va- 
riety n -1 (iV min ,), whose rational cohomology was studied in [21 Section 3.4]. Borho and 
MacPherson proved that, up to an even dimension shift, H* (IL -1 (N mjn ); Q) is equal to a 
space of anti-invariants in the rational cohomology of the Springer variety of complete flags 
fixed by N m ^ n . Since the odd-dimensional Betti numbers of Springer varieties are zero (cf. 
[2]), the same must be true for those of Spaltenstein varieties. In particular, it follows that 
H\M) = 0. 
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The Lagrangians L and L 1 are diffeomorphic to (CP n_1 ) m , so they satisfy Hi = as 
required. The Stiefel- Whitney class ^((CP™" 1 )" 1 ) is zero for n even, while for n odd it is 
the class 

m 

(w,w,...,w)eH 2 ({C¥ n - 1 ) m ;Z/2Z) (gi^CF^Z^Z), 

i=l 

where w is the generator of ff 2 (CP n_1 ; Z/2Z) ^ Z/2Z. 

When n is even, the Lagrangians L and L' are spin. The following lemma shows that the 
pair (L, L') is relatively spin when n is odd: 

Lemma 7.5. Every element Y € 5 mi n D g 71 "' 1 ' 08 has exactly m one- dimensional eigenspaces 
E(Ai), E{\2), ■ ■ ■ , E(X m ), coresponding to eigenvalues Xj for j = l,...,m. Let V be the 
complex line bundle over <S mj „ CI Q w ' TCg whose fibers are E(X±) <g) E(X2) <8> ■ ■ ■ ® E(X m ). Then 
the restriction of W2 (V) to any Lagrangian L m coming from a matching m is the class 
(w,w,...,w)e H 2 ((CF n - 1 ) m ;Z/2Z). 

Proof. Lemma l7.4l savs that the ordering of the factors is not essential in the construction of 
L m . Therefore, it suffices to show that the first component of W2(V) is w. Since continuous 
deformations do not change the Stiefel- Whitney class, this is equivalent to showing that 
w 2{V\c) = u), where C is a vanishing CP n_1 appearing in the last step of the construction 
of CP™" 1 . More precisely, in the notation of Section [7.21 we pick a point Yq in the singular 
locus of on Xn,n,Y(i)> an d define C to be the associated vanishing CP n_1 in a nearby fiber 
y m ,n,'y(l-s) 1 arising from the local model in Lemma 1331 

Recall that 7(1) = {(A', X' 2 , ■ ■ ■ , X' m ), (A', /j,' 2 , ■ ■ ■ , Mm)}- Let N be a small neighborhood of 
7(1) in i) n /W n and N its preimage in S m , n H 0^ under (jfilj) . Note that for k = 2, . . . , m, 
there are well-defined line bundles E^ over N whose fibers are the eigenspaces corresponding 
to the eigenvalue close to A^,. There is also a line bundle E\ over N n g 7r ' rog corresponding 
to the eigenspace with eigenvalue close to A', but E\ cannot be extended to all of N. 

Inside N, the vanishing space C is the boundary of a cone with vertex x. Since the 
cone is contractible, it follows that all E^ can be trivialized over C, for k = 2, . . . , m. 
Consequently, V\c is isomorphic to E\\q. Since we only care about the topology, we can 
move C continuously into some C = CP™" 1 that lies in the canonical semisimple slice S ss 
at Yq. It follows from the discussion in the proof of Lemma f3.5l that iS^Hg^ (after translation 
by Yq) can be identified with C 2m ~ 2 xsl(n, C) W™" 1 )) . We can transport C further into some 
C" =i CP™" 1 C {0} x st^C)^™- 1 )). The pullback of E x \ c >> under this identification is 
the tautological bundle over some CP"" 1 C sl(n,C)^ n -^\ which has U>2 = W. □ 

In order to define orientations on the moduli spaces of pseudoholomorphic curves, we 
need to choose the relative spin structure st 6 ff 2 (M; Z/2Z). We let st be zero when n is 
even, and W2(V) for n odd, where V is the bundle from Lemma 17.51 for, more precisely, its 
restriction to y m ,n,T C 

One other thing needed in the definition of Floer cohomology is the choice of ori- 
entations on the two Lagrangians. We make this inductively: when m = 1 we give 
Qpn-i _4 u (jij / (JJ (\} x U{n — 1)) its natural complex structure and hence a complex ori- 
entation; then, at each step in the recursive definition of L m the new CP™" 1 factor can be 
identified with the one appearing in the n = 1 case, and therefore we can also give it its 
complex structure and orientation. This defines an orientation on L m for any matching. 

Finally, in order to have a well-defined absolute grading for the Floer groups, we need to 
endow the Lagrangians L, L' with gradings as in Section Ifc. 21 Looking at the fibration (|62j). 
we start by choosing arbitrary trivializations for the canonical bundles of the total space 



42 



CIPRIAN MANOLESCU 



and the base. This produces a family of trivializations of the canonical bundles on the fibers 
ym,n,r- If we choose a grading for the Lagrangian L m C y m ,n,T , we can then transport it 
in a continuous way to gradings on h T ^L , (L^ ) . In particular when s = 1 we get a grading 
on the Lagrangian V . Relation (|58[) implies that the resulting HF(L, L') does not depend 
on our choice of grading for L. 



8. Invariance under Markov moves 

The Floer cohomology groups ^^) symp defined in (|64[) are invariant under continuous 
deformations of the objects involved. We make the following observation: 

Lemma 8.1. All the noncanonical choices made in the definition of J%Z\ Bymp , with the 
exception of the braid element b € Br m , are parametrized by weakly contractible spaces. 

Proof. There were some choices made in the construction of the Kahler form $7 = —dd c ip : 
the constant a € (m, oo) and the functions ipk : C — > M. The functions ip^ are required to 
satisfy certain properties, but these are preserved under linear interpolation. Therefore, the 
corresponding parameter space is a convex subset of C°°(C,R), and hence contractible. 

Another choice was made in Section 17.31 where a particular path j3 : [0,1] — > U was 
selected as a representative for a given homotopy class in tti{U) = Br m . The space of these 
representatives is weakly contractible because U is homotopy equivalent to the configuration 
space Conf m , and the latter was shown to be aspherical in [5]. 

There are other choices involved in the definition of Floer cohomology, such as almost 
complex structures and perturbations. It is well-known that the respective parameter spaces 
are weakly contractible. □ 

Thus, in order to prove that ^Jj) symp are link invariants, it suffices to show that they are 
independent of the presentation of the link k as a braid closure. Two braids have the same 
closure if they are related by a sequence of Markov moves. The proof of Theorem 11.31 will 
be completed once we show invariance under the Markov moves. 



8.1. Markov /. The type I Markov move consists in replacing a braid b by s^ bsk, where 
■Sfc is one of the standard generators s±, . . . , s m _i of Br m , the positive half- twist between 
the fcth and {k + l)th strand. Choose a representative a\. for s\~ in the form of a loop in 
the subset U C BConf m from Section EU We also choose a representative oim-k for the 
half-twist between the thick points and Hk+i, in the form of a loop in BConf m that 
fixes the thin points; in fact, we can assume that d2m-fc is the identity on the disk D that 
contains the thin points. This implies that the parallel transport maps h r ^ m _ k and hp sc do 
not interfere with each other and therefore commute. 

The proof of Markov / invariance is exactly as in [37] . Using (|63j) and Lemma 17.31 we 
get that the the image of under parallel transport along cr^ m _ fe o is isotopic to L nX) . 
This fact, together with the symplectomorphism invariance of Floer cohomology, leads to 
the string of identities 

HF(L m ,h™WrKT( L m)) = HF(h™(L m ),h^h™(L m )) 

k 

HF(h™l_ k (L m ),h^h™°(L m )) HF(L m ,h™i h^h-{L m )) 

2m — k 

— HF^^jhg^h^-i (LmJ) = HF(L m ,hp sc (Lr^)). 
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8.2. Markov II. Given a braid b € Br m -±, the type II + Markov move consists in adding 
a strand plus a half- twist of that strand with its neighbor, so that the result is b = s m -i(b x 
1) € Br m . There is also a type II~ Markov move where instead of s m _i we have the 
negative half-twist but since its treatment is completely similar to that for Markov 

II + , we will just focus on II + . 

Consider the standard configuration tq = (Ai, . . . , X m , fj, m , . . . , fj,±) as in Figure |SJ The 
eigenvalues A m _i and A m are those exchanged by s m -±. If m > 3, we can assume that 
A m _i, A m , and /x m are small and 

(65) A m _i + A m + (n - l)/i m = 0. 

In other words, (A m _i,A m ) is a point in a small bidisk P around a configuration where 
two thin and one thick eigenvalues coincide, as in Lemma 13.81 Let Tq be the configuration 
(Ai, . . . , A m _2, 0, /x m _i, H m -2, ■ ■ ■ j 0) and (3 a loop in BOonf^-i based at Tq and representing 
the braid b. Consider the Lagrangians 

K = L ih , K' = Kf(Lra) 

in y m -i,n,f - The local model described in Lemma I5~H1 and Remark 13.91 allows us to apply 
the discussion in Section 1531 and construct relative vanishing projective spaces La X} Lj in 
the fiber y m , n ,T - Here d = \i m and z = (/i m — A m _i)(/i m — A m ) as in Section I5~T1 

Note that L = L m is isotopic to L^ z by construction. The second Lagrangian V = 
h T p sc (L) is obtained from this by parallel transport. A deformation argument as in [371 
Section 5(D)] shows that V is isotopic to the Lagrangian obtained by taking K', doing the 
relative vanishing CP n_1 construction to get L' d , and then applying the twist s n _i. This 
last step corresponds to going around the loop jd,z from Figure ^ This new Lagrangian is 
exactly L" dz from (|55|) . 

At this point we can apply Lemma 16.21 and find that HF(L,L') = HF(K, K'). In other 
words, the Floer groups associated to the braid b and its Markov II + transform b are 
isomorphic. The shift by (n — l)(m + w) in (|64[) was chosen so that the absolute gradings 
match as well. (See |37l Section 6(A)] for more details in the n = 2 case.) 

We should note that the discussion above was only applicable for m > 3. When m = 2, 
the relation (|65|) cannot be arranged. However, we can bring A m _i,A m and fi m close to a 
nonzero value instead, and then use suitable parallel transport in C m , n to bring that value 
back to zero. 

Remark 8.2. Instead of doing the twist s n _i in Markov II + we could just compare the 
situations for the braids b and 6x1. The Floer cohomology of L = L^z an d L' dz can be 
computed using Lemma I6.il Let O denote the unknot. Taking into account the absolute 
gradings, we get that our link invariants satisfy: 

^; )aymP (* no) = ^; )syn » « ir+^ocp"- 1 ). 

In particular, the invariant of the unlink of p components is the tensor product of p copies 
of H*+ n - 1 (C¥ n - 1 ). 

9. Calculation for the trefoil 

In this section we prove Proposition 11.41 We work with left-handed trefoil knot k, which 
is the closure of the braid b = sf G Br 2- We need to consider Floer cohomology inside the 
space Y = 3^2,n,T 0) where To is the standard configuration as in Figure El 

Just as in the proof of Markov II invariance, we bring the first three eigenvalues Ai, A2, H2 
close together. This allows us to work inside the setting of Section 15.51 once again. For the 
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Figure 6. Projections of the two Lagrangians. 

base space X we have a fiber of the map ^W™" 1 )) : sl(n,C)^ n ~ 1 '' — » C, which contains a 
vanishing projective space -fT = CP™" 1 . This corresponds to the first step in the construction 
of the Lagrangian L m , i.e. to parallel transport by bringing Ai and \i\ together. Over X we 
have three bundles &\ C ^2 C S '. Here the fiber of &\ over A G X is the eigenspace for 
the thin eigenvalue of A, while #2 is the whole space on which A acts. (Hence, in fact J^2 
is a trivial bundle.) We can choose a compatible holomorphic quadruple bundle £? — > X as 
in Section 1.3. 6( and then get a fiber bundle 3£(3T) C sl(<^) — ► X. This describes the local 
structure of Y near X. Locally near X the Kahler form can be deformed to be one obtained 
by combining the standard form on X (from Section 14. 3|) with a Hermitian form on S . 
Recall that if X is equipped with the standard form then K can be described explicitly by 

Applying the same reasoning as in the proof of Markov II, we find that, up to isotopy, 
the Lagrangian L = C Y is obtained from K by taking fiberwise over it the space 
from (|53|). Also, the second Lagrangian V = hp sc (L) is obtained from K in the same way, 

but using fibers A,5 3 instead. Here £3 = tg (6\) as in Figure El 

The paths 5\ and £3 intersect in one endpoint and one interior point. By the discussion 
in Section 15.41 the corresponding intersections of A^ and A,5 2 are a point and a (2n — 3)- 
dimensional sphere, respectively. This implies that L and L' intersect in the disjoint union 
of a CP™" 1 and a S* 2 ™" 3 -bundle over CP™" 1 . Using Eemark 15 .7\ the latter turns out to be 
exactly the unit tangent bundle of CP™" 1 . Indeed, the restriction of J^i to K = CP™" 1 is 
the tautological complex line bundle £, and we have TCP™" 1 = Hom(£, C™/£). 

The intersection L n L' is clean in the sense of Pozniak [HOj ■ This gives a Morse-Bott 
long exact sequence 

► H*~ 2 {UTCV 1 - 1 ) -» HF*(L, L') -» i/^CP™" 1 ) -»■ ^"^C/TCP™" 1 ) -»•■■■ 

The absolute gradings can be understood from the geometry of the fibers. Observe 
that the differential i/*(CP™" 1 ) — > i/*" 1 (C/TCP™" 1 ) is zero for simple algebraic reasons. 
After taking into account the shift factor (n — l)(m + w) = —n + 1 in (|64|). the proof of 
Proposition 11.41 is completed. Explicitly, we have 

for k = n — 1; 

for fe = n + 1 + 2j, < j < n - 2; 
for = 3n — 1; 

for fc = 3n + 2j, < j < n - 2; 
otherwise. 
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10. Other link invariants 

This section is more speculative in nature. We suggest some further avenues of research, 
by explaining how variants of our construction could lead to other link invariants. 

10.1. Other Lie algebras and representations. In Section mi we noted that the link 
polynomial Pr n -\ from Q is associated to the standard n-dimensional representation V 
of sl(n, C). The procedure described there can in fact be applied to any complex simple 
Lie algebra g, the result being a polynomial invariant of decorated links, where the link 
components are decorated by finite-dimensional irreducible representations of g (HUH)- In 
the case of P( n )-, an components are decorated by V. 

Let us consider the situation in which the Lie algebra is still sl(n, C), but the components 
of the link are decorated by various exterior products of the standard representation V. 
Represent the link as the closure of a braid b, and suppose that b has rrtj strands colored in 
the representation A k V, for < k < n. Let the total number of strands be m = mi + • • • + 
m n -\. Form the representation 

W = (K k V)® m K 

k=l 

To the braid b one associates a map Fb(q) : W — > W, and then the polynomial invariant 
is obtained as the image of 1 under a map 

similar to (J22J). Note that the dual of A k V is A n ~ k V, so that 

71-1 

k=l 

In |14l Section 11], Khovanov and Rozansky sketched the construction of a homology 
theory that categorifies this particular polynomial invariant. We conjecture that a simi- 
lar theory can be constructed from Floer homology, and that it is equivalent to that of 
Khovanov- Rozansky. One should still use intersections of transverse slices and adjoint or- 
bits in sl(nm, C), but the partition ir from Section |3] should be chosen as 

The second partition p should still be (n m ). To define the two Lagrangians one would 
need a generalization of the vanishing CP" -1 construction, in the form of vanishing Grass- 
mannians Gr(n,k), for < k < n. The resulting Lagrangians should be diffeomorphic to 
products of mfc copies of the Gr(n, k), over all k. We expect that many of the arguments in 
this paper would go through in this more general setting as well. However, since the local 
models near degenerations are more complicated, it is possible that additional technical 
difficulties could appear, especially in the proof of Markov invariance. 

More categorifications of quantum polynomial invariants were constructed by Gukov and 
Walcher in They mainly work with representations of the Lie algebras so(n, C), but 
also discuss representations of some exceptional Lie algebras. We expect that one can define 
similar link homology invariants using Floer theory. One should use transverse slices and 
adjoint orbits in a suitable Lie algebra, instead of those in sl(nm, C). 



16 



CIPRIAN MANOLESCU 



10.2. An involution. In some unpublished work (ISHj)) Seidel and Smith define an involu- 
tion on their manifold y m ,2,r, and do Floer theory in the fixed point set of that involution. 
(See also |231 Section 7].) They show that the resulting Floer homology groups are isomor- 
phic to HF(T,(k)#S 1 x S 2 ), where HF stands for a variant of Heegaard Floer homology 
(|28j). and for the double cover of 5 3 branched over the link k. 

There is a similar involution i in our theory, for any n > 2. On the slice (|24|). it takes 
each block into its transpose Y^. A linear algebra exercise shows that i does not change 
the conjugation class of a matrix, and therefore descends to an involution on each 3^m,n,r* 
By doing all constructions in this paper Z/2Z-equivariantly, we can arrange so that the 
involution also acts on the Lagrangians L and L'. We can then try to apply Floer's theory 
to the fixed point sets of viewed inside the fixed point set of t|y m n . We expect the 

resulting Floer cohomology groups to form a series of link invariants J£^\(fv), for n > 2, 

with the property that JT\ (unknot; Z/2Z) = £r + ( ft - 1 )/ 2 (MP n-1 ;Z/2Z). 
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